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I. QUANTUM MONTE CARLO SIMULATIONS
A. Graphene and its technological applications

In collaboration with Joaquin E. Drut, Nandini Trivedi
(The Ohio State University) and Allan H. MacDonald
(University of Texas, Austin).

1. What is graphene?

Graphene, a single graphite layer, is a two-dimensional
allotrope of carbon that presents several unusual elec-
tronic properties [1-4]. In particular, the low-energy
spectrum of graphene exhibits a two-fold degeneracy in
the band structure, so-called “Dirac cones”, where the

FIG. 1: (from Ref. [3]) Schematic view of the band structure
of graphene, zoomed in on a Dirac point, where the valence
and conduction bands touch. The low-energy excitations in
graphene are thus massless quasiparticles with linear disper-
sion. Six Dirac points exist in the Brillouin zone due to the
hexagonal honeycomb arrangement of the carbon atoms, al-
though only two of the Dirac points are independent.

conduction and valence bands touch. The dispersion
around these points is linear, giving rise to quasirela-
tivistic low-energy excitations which move with a veloc-
ity v < ¢, experimentally determined to be ~ 10 m/s.
As a consequence of the low Fermi velocity, the strength
of the Coulomb interaction between these quasiparticles
is very large, which precludes a perturbative expansion
in the coupling strength. However, the effective Coulomb
coupling can be tuned by depositing the graphene sheet
on substrates with different dielectric constants.

2. Is graphene in vacuum an insulator?

The low-energy effective theory of graphene possesses
a chiral U(4) symmetry which, if the Coulomb interac-
tion between the quasiparticles is sufficiently strong, can
spontaneously break, thereby inducing a transition from
a semimetallic into an insulating phase [5-11]. Due to
the strength of the Coulomb interaction, the problem of
determining the critical coupling 3, for this transition is
essentially non-perturbative, such that the applicability
of analytical methods is limited. We have employed a
Lattice Monte Carlo (MC) calculation using Staggered
fermions [12-14] in order to establish the existence of a
transition, and to study the phase diagram of graphene
as a function of the inverse Coulomb coupling § and the
number of four-component fermion flavors N;. These
calculations entail the MC simulation of a fermion ac-
tion in 241 dimensions and a gauge (Coulomb) action
in 3+1 dimensions, on cubic lattices of dimension up to
L = 18. Our recent results [15] shown in Fig. 2 indicate
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FIG. 2: Chiral condensate o for Ny = 2,4,6 as a function of 8
and mg, with lines intended to guide the eye. The lattices are
of extent L® x L, such that the fermions live in a 241 dimen-
sional cube of size L, while the gauge bosons also propagate
in the z-direction of length L,. For each (3, the value of L is
given next to the datapoints. All results are for L, = 8, as
larger values had no discernible effects. For each datapoint
~ 300 uncorrelated gauge configurations were generated. The
statistical uncertainties, which are comparable to the size of
the symbols, were obtained by the jackknife method. Finite
volume effects are largest for small 3.

that graphene in vacuum (where the Coulomb coupling
attains its largest value) should undergo a transition into
the insulating phase. In contrast, graphene on a sub-
strate is typically in the semimetallic phase, due to the
screening of the Coulomb interaction by the dielectric.

3. Is the semimetal-insulator transition in graphene of
second order?

It was found in the non-perturbative study of Ref. [15]
that a sufficiently strong Coulomb interaction can in-
duce a quantum transition of the normally semimetallic
graphene into an insulating phase. Further, it was ar-
gued that the Coulomb interaction in vacuum is likely
strong enough to induce such a transition which, within
the context of a lattice field theory description, mani-
fests itself as a spontaneous breaking of chiral symmetry,
yielding a gap in the quasiparticle spectrum. From an
experimental point of view, graphene is thus expected to
undergo a semimetal-insulator phase transition when the
substrate supporting the graphene sheet (and screening
the quasiparticle interaction strength) is removed.

While the phenomenon of spontaneous chiral symme-
try breaking in graphene was originally explored by Mi-
ransky and collaborators in Ref. [9], the qualitative na-
ture of that study makes it difficult to predict from those
results whether actual graphene would undergo such a
transition or not, or what the exact properties of the
putative transition would be. In particular, the transi-

tion predicted in Ref. [9] is characterized by an essen-
tial singularity (also referred to as an infinite-order or
Kosterlitz-Thouless transition), as opposed to a power-
law singularity typical of second-order phase transitions.
In the context of graphene and other similar quantum
field theories the occurrence of an essential singularity at
a chiral symmetry breaking transition is also referred to
as “Miransky scaling”.

As the existence as well as the critical coupling of the
semimetal-insulator transition in graphene has been es-
tablished, the next step is to determine whether the tran-
sition is of second order or of Kosterlitz-Thouless type, as
suggested by solution of the gap equation [7—9]. However,
our recent results [15] for the chiral susceptibility appear
to be consistent with a second-order transition. In order
to obtain a conclusive result, simulations closer to the
chiral limit, as well as for larger lattice volumes are re-
quired. Studies in these directions, as well as applications
for computer time at NERSC [17], TeraGrid [18] and the
Ohio Supercomputer Center (OSC) [19] are currently in
progress. A Hybrid Monte Carlo (HMC) algorithm is
also being implemented, which will allow for simulations
on much larger lattices, as well as for better scaling on
parallel machines.

4. Are four-fermion interactions in graphene relevant?

The simulational studies of Ref. [15] have focused on
the effects of the Coulomb interaction in graphene, which
is expected to be the dominant contributor to the struc-
ture of the phase diagram. However, it is conceivable
that zero-range four-fermion interactions may alter this
picture in a non-trivial way, since the possibility exists
that such contributions may become relevant at strong
coupling. So far, such effects have only been studied in
the 1/N; expansion [20-22], but have not yet been non-
perturbatively investigated, which is also true of the ve-
locity renormalization in graphene due to the Coulomb
interaction. The (perturbative) 1/N, expansion sug-
gests that four-fermion interactions should remain small
at strong coupling, but on the other hand this is true
also for the Coulomb interaction, such that the observed
semimetal-insulator transition appears to be a truly non-
perturbative effect. Ultimately, the question of whether
four-fermion interactions alter the quantitative structure
of the phase diagram of graphene can only be settled by a
rigorous non-perturbative analysis, such as a simulation
using the Lattice Monte Carlo technique.

5. Spontaneous chiral symmetry breaking and the
conductivity of suspended graphene

The conductivity of graphene is directly related to
the issue of spontaneous chiral symmetry breaking in
graphene, as it can yield information on whether the sys-
tem is in a semimetallic or insulating phase at low tem-



peratures. For some time, conductivity measurements in
graphene samples deposited on a substrate indicated (see
Refs. [1-3]) an approximately temperature-independent
value of the minimal (DC) conductivity o™ ~ 4¢2/h,
which turned out to be difficult to reconcile with the val-
ues around e2/h found by several approximate analytic
studies (see Refs. [23-33]; Ref. [34] provides an overview
of theoretical estimates).

However, recent progress [35, 36], in the experimen-
tal study of suspended graphene samples (see Fig. 3) in
combination with current-annealing techniques to dra-
matically increase the carrier mobility and reduce the
concentration of impurities, has revealed that intrinsic
graphene actually shows a remarkable non-metallic be-
havior at low temperatures, as indicated by a sharp rise in
the resistivity as the temperature is lowered (see Fig. 4).
Such behavior not only invalidates the earlier descrip-
tions providing evidence for a temperature-independent
conductivity, but moreover also disagrees sharply with
more recent studies [37]. While the non-metallic behav-
ior of the conductivity at low T may be interpreted as
the first evidence for an insulating phase in graphene as
predicted in Ref. [15, 16], it may conceivably also be
due to finite-size effects [38]. Nevertheless, as pointed
out in Ref. [39], a complete study of the electrical re-
sponse of graphene should account for non-perturbative
effects, and is therefore well suited for a Monte Carlo ap-
proach. The calculation of the minimal DC conductivity
of graphene has not yet been attempted with such a tech-
nique, which is also of relevance for the study of high-T,
superconductors [40].

4

FIG. 3: Illustration of suspended graphene (from Ref. [35]).
The manufacturing process consists of several steps: Firstly,
sheets of graphene are deposited on an SiO, substrate, where-
after the underlying substrate is etched away, leaving the
graphene sheet suspended over a trench. Finally, Au elec-
trodes are deposited lithographically. A detailed description
of this process can be found in Ref. [36].
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FIG. 4: Measurement of the conductivity and resistivity in
suspended graphene (from Ref. [35]). In the inset, the tri-
angles and squares indicate the resistivity before and after
annealing, respectively. This experiment reveals that the
roughly constant and temperature-independent resistivity is
not an intrinsic property of graphene. In contrast, the an-
nealed sample shows a markedly non-metallic behavior, sug-
gestive of an insulating phase at low 7T'.

The determination of the DC conductivity of graphene
requires the evaluation of a four-point correlation func-
tion at large Euclidean time, and an analytic continu-
ation to Minkowski time. The evaluation of four-point
correlation functions is a routinely performed task in the
computation of the chiral condensate susceptibility of
graphene. Only relatively minor modifications to existing
routines are necessary in order to obtain the correlation
function relevant for the DC conductivity. On the other
hand, analytic continuation to Minkowski time is a non-
trivial procedure that applies not only to the conductiv-
ity, but also to other related response functions. Fortu-
nately, in the case of the conductivity, a method has been
developed by Ref. [41] which allows for the extraction
of the low-frequency (DC) limit without necessitating a
full-fledged analytic continuation. This method, which
is being implemented for the study of graphene, has in
the past been successfully applied to a superconductor-
insulator transition in a disordered electronic system.

6. What are the electronic properties of bilayer graphene?

In the context of potential electronic applications of
graphene, perhaps the most important player is the bi-
layer form, because of the possibility of opening a gap
in the spectrum already at relatively weak Coulomb cou-
pling. Indeed, it is in fact a requirement for many appli-
cations is that it be possible to open such a gap. In the
band theory of bilayer graphene, a gap is opened up by
placing the bilayer in a perpendicular electric field which
makes a potential difference between the two layers. This



kind of electric field is routinely made in electronics by
means of gates. From the theoretical perspective, how-
ever, the study of bilayer graphene poses a similar set
of problems as presented by monolayer graphene, in that
the strength of the Coulomb interaction precludes a non-
perturbative treatment. As a consequence, details such
as the precise value of the gap, are unknown from first
principles at this time. If simulations at finite chemi-
cal potential turn out to be feasible, the phenomenon
of Coulomb drag in bi-layer graphene [42] may also be
addressed.

7. Does bilayer graphene support a superfluid state?

It has recently been proposed [43] that the application
of an external potential difference between two graphene
layers may result in an infrared instability, described by
BCS theory which leads to a broken symmetry with spon-
taneous phase coherence. Such exciton condensation has
hitherto only been seen in the context of the quantum
Hall effect [44], although the possibility exists that such
a state may form in bilayer graphene at quite high tem-
peratures. This state has superfluid properties which
can be revealed experimentally by means of transport ex-
periments where the two layers are contacted separately.
However, a reliable estimate of the critical temperature
for this effect requires a quantitative Lattice Monte Carlo
analysis.

B. The unitary Fermi gas: from atomic traps to
neutron stars

In collaboration with Joaquin E. Drut (The Ohio State
University).

1.  What is the unitary Fermi gas?

Strongly interacting, dilute Fermi gases have lately
been at the focus of considerable theoretical and ex-
perimental interest [45] in particular due to the tech-
nique of using so-called Feshbach resonances [46] to tune
the strength of the interaction between fermionic atoms
in a trap [47]. This unprecedented situation has al-
lowed for the exploration of the connection between
Bose-Einstein condensation (BEC) of composite bosons
and Bardeen-Cooper-Schrieffer (BCS) superfluidity of
fermionic atoms, thereby improving the understanding
of the BEC-BCS crossover [48-51], illustrated in Fig. 5.

Another reason why dilute Fermi gases have been un-
der intense investigation is the existence of the so-called
unitary regime, where the average distance between par-
ticles is much larger than the range of the interaction,
but still much smaller than the scattering length. As
a result, the thermodynamic properties are governed by
simple laws [53]. In particular, right at the unitary point,
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FIG. 5: (from Ref. [52]) Schematic representation of the BEC-
BCS crossover. Red and blue (dark and light) atoms repre-
sent different spins (7 or |). In the BEC regime the interac-
tion is strong enough to form well-localized molecules, which
undergo Bose-Einstein condensation below a critical temper-
ature. In the deep BCS regime, the weak attraction between
the atoms leads, below the critical temperature, to the for-
mation and condensation of Cooper pairs. The intermediate
region, where the scattering length is larger than every other
scale, is usually referred to as the unitary regime.

where the scattering length is infinite, a dilute gas of
fermions is characterized solely by its density [54-56].
However, the absence of scales (other than the density)
renders a quantitative treatment very difficult, due to
the lack of an obvious small dimensionless parameter in
which to construct a perturbative expansion. In spite of
this, various analytic treatments have been explored with
some degree of success [57-59]. Essentially, the problem
of the unitary Fermi gas requires a fully non-perturbative
treatment, typically a Monte Carlo simulation, where the
uncertainties are ideally of purely statistical origin.

Previous Quantum Monte Carlo (QMC) studies at fi-
nite temperature [60-63], some of them performed by the
Nuclear Theory group at the UW, have focused on vari-
ous thermodynamical quantities for the unpolarized uni-
tary Fermi gas, such as the determination of the critical
temperature T, for superfluidity. However, much less is
known about the case of unequal densities of spin-up and
spin-down particles (the polarized or asymmetric unitary
Fermi gas) at finite temperature, although at zero tem-
perature, several possible phase diagrams have been put
forward [64-67]. The asymmetric case is also relevant for
astrophysical problems such as the structure of neutron
stars, where varying densities of neutrons and protons
are encountered at different depths inside the star.

2. What is the equation of state of the asymmetric Fermi
gas?

Monte Carlo simulations at finite spin-polarization suf-
fer from the notorious “sign problem” which has a detri-
mental effect on convergence. The severity of the sign
problem may vary greatly as a function of the asymmetry
op and temperature 1. Our preliminary studies suggest
that extant algorithms for the unpolarized case may be
applicable, by means of the standard re-weighting tech-
nique [68, 69] out to significant values of du, depending



on the precise value of T'. Our first objective is to perform
a QMC simulation to obtain the energy and the chem-
ical potential of the asymmetric Fermi gas for non-zero
T and 0u, and to study the dependence of the critical
temperature T, for superfluidity as a function of du, as
shown in Fig. 6. Once these objectives have been at-
tained, straightforward extensions include studies of the
case of unequal masses as well as of couplings away from
unitarity. Also, knowledge of the chemical potential as a
function of T" enables the use of the Local Density Ap-
proximation (LDA), and potentially also more sophisti-
cated flavors of density functional theory, for the calcula-
tion of density profiles. These are central for the compar-
ison with experiments using trapped atomic gases, where
the system is not spatially homogeneous.

3. Parallel computing strategies

A significant programming effort has already been in-
vested into optimizing and parallelizing existing QMC
codes, previously developed by the Nuclear Theory
Group at the UW. As a result of these efforts, major
progress has been achieved towards larger lattice sizes
and improved scalability. The latter point is particularly
important since it enables the efficient use of supercom-
puting facilities. At the time of writing, an application
for 3 x 10 processor-hours at the OSC [19] supported
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FIG. 6: Schematic phase diagram of the strongly-interacting
polarized Fermi gas as a function of the temperature 7" and
the asymmetry du. For low T the system is in a superfluid
phase, and the continuous (red) line represents a second-order
phase transition separating the superfluid and normal phases.
Simulations have been performed by the NT group at the
UW [61, 62], giving T. ~ 0.15 for the case of dp = 0. It
is conceivable that for large enough du, a tricritical point is
reached where the line of second-order transitions becomes
a line of first-order transitions, as indicated by the dashed
(black) line. One of our main objectives is to quantitatively
explore this phase diagram away from du = 0.
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FIG. 7: Timing of the QMC code for large lattices and high
temperatures, in which case the sequential parts are most
significant. The time taken by the evolution phase of a sin-
gle MC step for L = 12 (full triangles), 14 (open triangles),
16 (full circles) and 18 (open circles) are given as a function
of the number of processor cores in a log-log plot. The thin
lines (without symbols) show the corresponding data when
the time taken by the action calculation is included. The
deviations from linear behavior are due to a combination of
communication overhead and increasing significance of the se-
quential parts. These tests were performed on the Intel Xeon
cluster “deuteronomy” at the University of Washington.

by R. J. Furnstahl (Ohio State University) has been ac-
cepted. As good scaling has been observed (see Fig. 7)
on the Intel Xeon clusters “deuteronomy” and “athena”
at the UW, an application for further computer time at
the TeraGrid [18] is planned. Such good scalability was
achieved by minimization of the CPU time used for inher-
ently sequential operations. Further investigations into
the use of a Hybrid Monte Carlo (HMC) approach are in
progress. If successful, further dramatic improvements in
the overall performance of the code can be expected.

II. QCD AND HADRONIC PHYSICS
A. Properties of the light scalar mesons

In collaboration with Bastian Kubis (Bonn University)
and José Peldez (Universidad Complutense, Madrid).
At low energies, the interactions between S-wave pairs
of pions and kaons can be described using the non-
perturbative method of unitarization [70-73]. In partic-
ular, the so-called Inverse Amplitude Method (IAM) [74]



makes use of the next-to-leading-order (NLO) chiral scat-
tering amplitudes and gives a favorable description of
S-wave mr and KK scattering at energies up to and
above the KK threshold at ~ 1 GeV. The closely re-
lated scalar form factors of the pions and kaons have also
been obtained using the leading-order (LO) chiral scat-
tering amplitudes and LO [75] or NLO [76] chiral scalar
form factors as a starting point. It has recently been
shown by Lahde and Meifiner [77] that such unitarized
scalar form factors may provide an excellent description
of recent high-precision experimental data [78] on J/1
decays into a light vector meson (w or ¢) by the emis-
sion of a 7w or KK pair. In particular, the pattern of
isoscalar o and f;(980) resonances in the ¢ and w chan-
nels was faithfully reproduced. Our present objective is
to provide a unified description of the S-wave mm and
KK scattering data and the scalar form factors within
the IAM framework. This can potentially yield not only
much improved estimates for the masses and widths of
the light isoscalar mesons, but also tighter constraints
on the low-energy constants (LECs) of QCD. Accurate
knowledge of the pion and kaon scalar form factors is
also of importance for the analysis of B-meson decays
involving the light isoscalar mesons [79].

B. Partially Quenched Chiral Perturbation Theory

In collaboration with Johan Bijnens (Lund University).
The low-energy effective theory of QCD, Chiral Pertur-
bation Theory (ChPT) [80-82], depends on a number of
a priori unknown low-energy constants (LECs). While
many quantities, such as the pion mass and decay con-
stant, can nowadays be computed with high precision
via Lattice QCD simulations [83], more complicated pro-
cesses such as semileptonic kaon decays [84, 85] are eas-
ier to analyze within the context of ChPT. One possi-
ble approach is then to use quantities calculable on the
lattice to fix the LECs required for the ChPT analy-
sis of more complicated processes. While present Lat-
tice QCD calculations typically use unphysical light sea-
quark masses [86], referred to as partial quenching. This
situation can be described within the context of Partially
Quenched ChPT (PQChPT), and can actually be benefi-
cial as the extra degree of freedom provided by variation
of the sea-quark mass can be used to access more LECs
than would otherwise be possible [87, 88]. At present, we
have calculated the pseudoscalar meson masses and de-
cay constants [89, 90] to two loops (NNLO) in PQChPT,
and provided numerical implementations of the analyti-
cally complicated expressions. Possible future directions
include the analysis of extant Lattice QCD data using
the NNLO PQChPT expressions, the calculation of the
finite-volume corrections [91-93] to NNLO, and the cal-
culation of pion and kaon form factors [94-96]. A po-
tential stumbling block is the necessity to extrapolate
the lattice QCD data to the continuum limit, although a
possible solution is to use formulations such as Staggered

ChPT [97] to directly account for the effects of a finite
lattice spacing.

C. Electromagnetic effects in dd — an®

In collaboration with Gerald Miller (University of
Washington). The effects of initial-state Coulomb in-
teractions in the charge-symmetry-breaking [98, 99| re-
action dd — am® [100] were investigated by us [101] in
terms of a simplified set of deuteron and « wave func-
tions, and a plane-wave approximation for the initial dd
state. In this process, the Coulomb interaction between
the two initial-state protons leads to the breakup of the
dd pair into a continuum state that is well connected to
the final ar® state by the strong emission of a pion. The
resulting contribution to the cross-section was found to
be comparable in size to those of previously established
mechanisms [102]. Inclusion of the initial-state Coulomb
mechanism is therefore desirable in a full calculation, us-
ing realistic NN interactions and dd wave functions [102—-
104].

D. Effective-range corrections in bosonic few-body
systems

In collaboration with Hans-Werner Hammer (Bonn
University) and Lucas Platter (Ohio State University).
Few-body systems with large scattering length a have
universal properties that do not depend on the details of
their interactions at short distances [105-107]. The rate
constant for three-body recombination of bosonic atoms
of mass m into a shallow dimer scales as ha*/m times a
log-periodic function of the scattering length [108]. The
leading and sub-leading corrections to the rate constant
due to the effective range of the atoms were calculated
by us [109] via numerical solution of the Skornyakov -
Ter-Martirosian (STM) integral equation. As an exam-
ple, the results were applied to potential model calcula-
tions [110] for *He atoms. The present work has been
extended by Platter and Shepard [111] to account for
the effects of deep dimers, which allowed for a successful
description of recent experimental results [112] for the
recombination rate of ultra-cold '33Cs atoms.

E. Spectroscopy of heavy quarkonia

In collaboration with Dan-Olof Riska (University of
Helsinki), K. O. E. Henriksson and C. J. Nyfélt. We have
calculated [113-116] the rate of the electromagnetic spin-
flip transition J/v — 7.7, as well as those of the other
electric (E1) and magnetic (M1) dipole transitions in
heavy quarkonia, notably charmonium (c¢¢) and bottomo-
nium (bb) within a constituent quark model based on the



relativistic Blankenbecler-Sugar reduction [117] of the
Bethe-Salpeter equation. Good qualitative agreement
with the experimentally determined transition rates [118]
was obtained under the assumption that the effective con-
fining interaction is dominated by a Lorentz scalar com-

ponent. However, the usefulness of such an approach is
limited by the phenomenological character of the quarko-
nium potential models and the strongly coupled, rela-
tivistic nature of the quarkonia, in particular the heavy-
light mesons.
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