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Wilson fermions

¥[Wi|son, 1974]resolved fermion doubling problel
by adding irrelevant term to lattice action
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- Violates chiral symmetry

= Additive mass renormalization, challenge to simulate at low masses, ...

4+ Maintains [3avor symmetry

= 1 continuum fermion for each lattice fermion (cf. staggered fermions)
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Improved Wilson fermions

¥Wilson fermions have O(a) discretization errors

¥Improved Wilson action, with additional term havi
coefpcient determined non-perturbatively, has €
eIrrorsS [Symanzik,Alpha Collaboration]

¥Twisted-mass Wilson fermions also have ©(a
errors & some advantag@Sezzotti & Rossi, ETM Collab.]

¥AII large-scale simulations use such improved
fermions put | wonOt show you the actions becat

¥ Most of what | discuss today Is insensitive to the
choice of action
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Implications of ! SB

¥Irrelevant term mixes with lower-dimension
operators In presence of cut-off 1/2

) Additive mass renormalizatiohm~# Ja <«—

m) Condensate diverges: !l ~ 1/a3 <
= Chiral Ward-Takahashi identities violated
¥In most cases, problems overcome by clever

methods, allowing Wilson-like fermions to remain
highly competitive for phenomenological applicatis

¥Nevertheless, residual O(a) or Q{eerrors need to
be understood and minimized
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Impact of mass renormalization !"#

¥Need to Pne-tune lattice quark mass

Im ~ == > mphys & Imo = Ham) ~" s > amphys

¥Can do sonon-perturbatively

) Determine mycfor which Ms—0 (or, more technically, gac—0)

¥Renormalized guark mass given by:

_ 1 mo! Mmo,c
m=/7Zg

a
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Impact of mass renormalization !$#

Aoki-phase scenario
for phase diagram

g’ _
t —— gauge coupling

A

continuum
limit

lattice mass
/

Phase structure
caused by discretization
effects: discussed later

Critical line along which M=0
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Size of discretization errors

¥Compare physical quark masses

mytme | 35 MeV

¥to discretization errors with an unimproved action
(Y@cp=300 MeV, a=0.07tfm)

al 3cp ! 30 MeV

¥and to discretization errors with an improved action
CLQABQCD 3 MeV

Need improved actions, and must assume

that ! SB due to mass & due to
discretization errors are comparable: na
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Strateqy

¥Although Wilson-term Is an irrelevant operator, I
can impact IR physics because it explicitly brea
spontaneously broken symmetry

¥Can thus impact vacuum alignment and proper!
of psuedo-Goldstone bosons (PGBSs)

¥Need to Incorporate discretization errors into
description of IR physics of QCD
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¥ Determining the low-energy effective theory
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Symanzik e%ective theory

[Symanzik, 1975, 1983]

¥ Low energy effective theory for lattice QCD

¥Describes guarks & gluons witlpcp << p << 1/a
¥ Integrate out d.o.f. with p~1/a

¥Obtain continuum action with corrections having
explicit powers of a [& implicit factors of log(a)}

9l
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Symanzik e%ective theory

Lgym = I—QCD -+ aL ® -+ a?L © + ...
¥After Peld redepPnitionsituscher et al., 96]

LO) =P  Fu! + bymLye + bym?19

¥And, showing only examples of important terms:
[Luscher & Welsz, 85; Sheikholeslami & Wohlert, 85; Bar, Rupak & Shoresh, 04]

LO1 LD+ (F)2 + ( By, ) (By) + ...
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Symanzik e%ective theory

Lsym = Locp +aL® +a2L® + ...

¥After beld redebPnitionsituscher et al., 96]

£(5) :@ 1! D b4m£g1ue + IE)5TT12!’.a

]

Absent if use NP O(a) improved action, but this has little effect on subsequent ahalysis

¥And, showing only examples of important terms:
[Luscher & Welsz, 85; Sheikholeslami & Wohlert, 85; Bar, Rupak & Shoresh, 04]

LO1 LD+ (F)2 + ( By, ) (By) + ...
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Power counting

¥Second step Is to map quark operators into the
chiral effective theory

¥Work IN Olarge cut-off effectsO (LCE) regime a.
OAoki regimeO: m < a

Lattice artifacts
LO: m, ﬁ, & < No term linear in a

even If action unimprove
NLO:am aﬁ &« / We will see why!

NNLO: m?, mp, p*, &m, &p?, &

\//

These are NLO in usual continuu
chiral power counting
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Power counting

Lsym = Loep +al® + a2L ) + .
N——

LO (m,p)

al ®) = gb,19;" uv iyt + abaml gue + bsam >
—

O(a) — LO(m) NNNLO

a? L ~ azﬁfj&e +a*(ip)? + a® () (Yypd) + . . .
\ N —————

NNLO LO ()
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Chiral e%ective theory

¥Due to spontaneous chiral symmetry breaking,
long distance d.o.f. are pseudo-Goldstone boso

¥Can describe vacuum, PGB interactions, and
correlators involving currents and densities usin
chiral effective theory: Ch Plveinberg, Gasser&Leutwyler]

¥SU(2) ChPT very successful (SU(3) ChPT less
¥ Consider only two degenerate Ravors here

¥Mapping from QCD to ChPT Is non-perturbative

e
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&Wilson ChPT' 'WChPT#heen

¥I\/Iapping to ChPT works as for QCD, except the
are now additional quark-level operators

by Dy ! L#9,50,% S LO(p?)

Mg +1gM 1P 9B S+ % Mg |LO(m)

aby A" 1, F 7 2Woa(S+ X)  [o(a)]
a

(b term)? + (¥ )2+ ... 1" 2# +1 & LO(&?)

f, B, Wo & ¢ are unknown low energy constants (LECS)

| =exp( 2¢!' /f)" L' R with ! ,L,R# SU(2)
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WChPT at LO

¥O(a) term can be absorbed by shift in M

M ! se= " 2BeM TS + XTM$+ @ + XT$! 2B TE + BTM 4

¥LO chiral Lagrangian InWChPT Is thieBgM =11 )

£fFO) = £, 9,0 1)~ Fx( 1)+

(1 + | T2

¥Discretization errors introduce a single new LEC at
LO = O(&) effects in different quantities related
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¥Predictions for phase diagram
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Phase structure: continuum

¥In continuum, have brst-order transition when i
passes through zero, though the two sides are
related by non-singlet axial SU(2) transformatio

Vo —m{l +1 T =15= (0! |0)=sign(m)l

Y = 2Bom
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Phase structure: lattice [Seuese
¥Competition between two terms when m-~a

2
V=L 4 e e+ L T2 cost + 112l cost

|:2mBof2 \

2]c | Yo =cos(lg) +isin(lg)hg - #

¥If 2> 0, then get Aokl phase, [3avor spont. broken:

14

2 p2

%tI'Eo:COSHo Py wa
2|C2|
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AOKI phase i

¥Explains why §EO on lattice, even though have
chiral symmetry!

& (two) pions are PGBs diavorbreaking: SU(2)> U(1)

¥Parity IS also broken (but not in the continuum)

¥ Width of phase i$ m~& = " mg~a®

g?

AOoKI phase\ Al
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First(order scenario

2
L+ T et L TR S M costy + § 12l cost

¥ If 2 < 0, get brst-order transition, with minimum
pion mass M(min)~a

¥Exp|icit chiral symmetry breakirg No GB

M2f2
2|C2| 3 L

%trEo — cos g

1
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Can sign of g be predicted?

¥C2 IS non-universal (depends on gauge/fermion act
¥Prediction seems very difbcult from Prst principles
Lattice 2 Symanzik EFZR (W)ChPT

[

Perhaps can estimate Non-perturbative, with multipl
using perturbation theor operators in lsymcontributing

¥ SometlmeS can use Causa[l:lityn & Truong, A.Adams et aQr
mass Inequalities to constrain LE&zSsorterman & shamin

¥ Neither approach applies here

¥ Hermiticity argument from -regime study + large
Nc SuggeStS that2(> O [Akemann, Damgaard, Splittorff & Verbaarschot]

¥ Important question: Is this argument correct?
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Determining sign of C s

¥Usefu| to add twisted massu! i" 5%!

¥Two scenarios generalize in(mplane to: |, o ssew:

Scorzato]
__ 2Bopf®

Infact, can use
M. o >M_+ Mo < M._. mass difference to
—> determinevalueof
T C2 [Scorzato]

EquaIiE/ only fo =0 & outside Aoki phase
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Example with cg)*

1.2 5 [Farchioni et al., 05]

L a) 0.2fm

First-order
. . scenario with
(amy)zn=0.0904 minimum pion mas

1 1 1 1

28 285 29 295 3.05
e = (2x)

Figure 9. Unquenched results for (am, )? as a function of (2k)"! =mg +4 for u =0
and with a=! ~ 0.2 fm®°. Straight lines are to guide the eye.

CaveatLOWCHhPT may not apply for such a coarse lattice
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Other results for c g
¥Comparing M+ & Mg o

[ETM Collab., Baron et al., 200Bhd
Ms + > Ms o, Indicating brst-order scenario

0.00 . V N " 1 N N N 1 N N N 1 " N "
0 0.01 0.02 0.03 0.04

¥Calculate$$ scattering lengthg.oki, Bar & Biedermann]
a3 =~ (%% + %) + NLO + NNLO

& Simulations underway bgernardoni, Sommer, et al.]

¥Sign (and value) of anclear for many actions used
In production runs
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Why we care about cs

¥Since Mhys) & %0, ultimately we will reach the
LCE regime

¥ BMW collaboration (working at may9 sees no indication of phase
structure; perhaps gluon smearing reduces c

¥Presence of nearby second-order endpoints
distorts physical guantities in their vicinjyki

¥ Chiral logarithms distorted: Ribg(M)— (M?+&)log(M)

¥Reduction IN gap In spectrum of Hermitian Wilsc
Dirac operator can slow simulations
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Outline

¥Summary of application to eigenvalue spectrum
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Predictions I1n continuum

¥ChPT predicts spectrum of Dirac operatofsans & casher,

Smilga & Stern;
Osborne, Toublan

s ¢
pﬂ)(/\) — <IS7'TIS> [1 + O(|/\|/AQCD)] & Verbaarschot]

¥ChPT in' -regime= low eOvalue$€1/V)  ossome. Tousiar

& Verbaarschot:

described by random matrix theory (RMT bamgaard et a

¥ Detailed predictions for distributions of individual eOvalues,...

¥ Provides method to determine LECs (f & Brom simulations

¥Derivations require use of partial guenching (P(

¥ Need mar- Mseato access spectrum for bxed sea quark masses

¥ Thus need PQ extension of ChPFernard & Golterman]

({@vav)(my) = —/dA pp(A) —  Disc[{gvav)] = —2mpp(A)

my=—iA\

S. Sharpe, OUsing ChPT to study Wilson fermionsO 10/24/11 @ ECT* workshop OChiral Dynamics with Wilson Fer#io




E+value spectrum at O!&#

¥Requires POQWChHPT, and calculate most naturs
spectral properties oHermitianWilson-Dirac op

& InPnite volume spectrum distorted by effects[SS]
& Large volume spectrum obtained for m ~ a >>by [Necco & Shindler]

& Extended to' -regime, RMTs determined, detailed predictions for
eigenvalues obtaingamgaard et al., Akemann et al

¥Gives method to determine additional LECs dut
to discretization errorSpamgaard, Heller & Splittorff]

¥Theoretical puzzles & inconsistencies remain
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PQWChPT
¥ SU@2)ISUR)R- SUR+N/Nv)!SU(2+Nv|Nv)r

¥Construct Lk In 2 steps as before(Bar, Rupak & Shoresh; Aoki]

2 2
Lo = fZ” D IPIAE: ZzBO!J\ffz + 2T M

# aPWHE + 228 WS # N2 # PWis? 4+ (2h?
<«
! !Sﬁy]\fvw\,) \ Supertrace
¥3 O(&) terms, compared to 1 in unquenched WChPT

¥ If restrict, to SU(2) subspace, Wterm vanishes, and W§erms combine

¥ Recover WChPT Lagrangian, wittp = ! 8&2(2Wé + Wé)

¥ At large N:, W@dominates: % |

8
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Example of results I"# [SS]

Integrated spectral density of)? = DLVDW

JI'NR/

f2 By mgs; \ |W(@| increasing

3
2

EOvalue ofXQ

/

A A - #Im?
1 2 3 2 S

I—
L — L 1 L Lo h B

-

Wi <0,Wi= Wi=0
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Example of results !$# inecco & shindier

Integrated spectral density of) = vs Dw = @) WChPT bt

|

< numerical data

80
| (O | m) — WyPT NLO fit [40:60], E=(273 MeV}’, A = -0.55
] y+ 2 - |— ¥PT NLO fit [40:60], Z=<(256 MeV)", A= 0

Data from
[Giusti &
Luscher, 08]

1
60 90

! 2 (MGV)

Fit Pnds W3> 0 (~First-order scenario)
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Example of results I,#  iakemannetal]

Microscopic spectral density ¢} = vsDw = )

\

| | 5 . Is topological
Ls(! ) ~ charge

— Would-be
topological
zero-modes

VTV

Results for W$0, We=WG=0
(In my conventionakemann et a.US€ Opposite signs)
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Puzzles & Inconsistencies

¥In|3n|te volume analysis of spectrum gives se %Eﬁ
results only if W&X 0 and is independent of W

¥Large volume, m >>%aanalysis works for either sig|
of W@, and is independent of WQ\ecco & Shindler]

¥' -regime/RMT analysis gives Prst-principles argu

that W0 (assuming WOWG=0; signs in my conventlonand
results depend also on both \W/&WQ [Damgaard et al.;

Akemann et al.]
¥ In general, constraint is WOW&+ WG (?)

¥  OMean-beldO limit should match with other calculations

¥Constraints on Wgand detailed results do not agre
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Argument for W+.)*

vsDwvs = Dw = det?(Dy) >0

[Akemann et al.

! ZLQCD — DUe_SgdetZ(DW) > ()

= (?)Zu,Lqcp >0 (sign indep. of m)

szOV To 2 ! 2 T\2n
ZChPT — / dy em = I+ M+ g W VIE 2+( 1 T) > 0
SU(N)

2y, ChPT / d’ det(Z)Vemf220V<E+E )+ atWV(Z4+( 3 )7)
U(N)

has indeterminate sign for oddif W@0
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Implications of W+.)*
Cx = —8a%(2W; + Wy)

¥At large Nit Wg < 0 = ¢ >0

m» Only Aoki-phase scenario is allowed!

) Appears to contradict numerical evidence of brst-order scenario

¥First-order scenario is allowed W > |Wg|/2

¥ Not unreasonable for N=3

¥ Need to determine WOWQ, W@ from simulations

Damgaard,

¥ One approach is to match eigenvalue properties to WChPT/RM| .. o Splittorff

¥ Another Is to study PQ pion scatteringHansen & SS]
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Outline

¥A proposal for determination of all three Ofp
partially guenched low-energy coefbcients
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Dismembering . /. / scattering

¥ Unguenched theory has 4 Wick contractions

==

¥Can separate in PQ theory (and in practice)

T, T, Ty
T3 T3y 03
S
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PQ .. scattering

2
f A

4
#aPWIS + 22 # a2W2(S# SN2 # a*TWe1 22 + (1)

l \

Contributes toD and Does not contribute Contributes only toS
S at tree-level at tree-level at tree-level

Lo

DA ZQBOIMTE + XM
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PQ .. scattering

¥We Dnd[Hansen & SS] W@ enters here

3262V
D= 226 | NLO NNLO<

f4
16a°Wg  2M? — s
fe 2f°

S — NLO

NN

WG enters here

v
_JO

¥S|nce PQ amplitude is unphysical (non-unitary),
cannot use LuscherOs method for calculating
scattering lengths and amplitudes from Pnite

volume energy shifts

¥Instead, we propose simply calculating correlation
functions and matching to POQWChPT--- used In
guenched approx. byernard & Golterman, 95
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PQ Onite(volume correlators

¥Up to corrections ~exp(-ML) we Pnd

E15(0, 0)k54(0, 0)k21 (0, 0)k-45(0, 0)"

Rp(t) =

1k15(0, 0)k1 (0, 0)"2

t known NNLO
— I 3 NNLO

¥Can determineD (and thus W§) from coefbcient of
t (and similarly foiS)

¥t2 and higher order terms do not build up an
exponential (unlike for a physical correlator)

¥Also possible to determine W@®om tree-level 3-
pion scattering, but likely very difpbcult in practice
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) Some open questions
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Questions for the workshop

¥ IsWQ< 0 required?

¥ If so, does the argument have wider applicability
EFTs?

¥Can we resolve differences between results for
spectrum of Q?

¥Is it practical to use P@$ OamplitudesO to
determine Weand We?

¥Do we need to use WChPT to bt numerical
results now that we are entering the LCE regim

¥How solid Is the theoretical footing of PQ ChPT
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