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ABSTRA CT

We calculatethe third coe�cient of the lattice� -function(� L (g0))

usingstandard perturbationtheory. Thiscalculationis performedus-

ing OverlapfermionsandWilsongluons,whilethe background�eld

techniquehasbeenchosenfor convenience.

Our resultsdepend explicitlyon the number of colors (N ) and

fermion
avors (N f ). Sincethe dependenceof the � functionon

theOverlapparameter� cannotbeextractedanalytically, we tabulate

our resultsfor di�erent valuesin the allowedrangeof � (0 < � < 2),

focusingonvalueswhicharebeingusedmostfrequentlyin simulations.

Thenon-trivialdependenceof � L (g0) on � is plottedfor 1 and2 loop

contributions.



I. INTRODUCTION

� In later years, use of non-ultralo cal actions which pre-

serve chiral symmetry on the lattice has become more

viable. The two actions which are being used most

frequently are domain-wall fermions [1,2] and Overlap

fermions [3{5] based on the Wilson fermion action.

� Overlap fermions are notoriously di�cult to study, both

numerically and analytically. Many recent promising re-

sults from simulations with Overlap fermions have ap-

peared; see, e.g., Refs. [6{ 12]. Regarding analytical

computations, the only ones performed thus far have

been either up to 1-loop, such as Refs. [13{19], or vac-

uum diagrams at higher loops [20,21]. The presentwork

is the �rst oneinvolvingnon-vacuumdiagramsbeyondthe1-loop

level.

� We compute the 2-loop renormalization of the coupling

constant in the presenceof Overlap fermions. From this

quantit y we derive the 3-loop bare beta function on the

lattice.



II. THEORY

� Thede�nition andvalueof renormalizedcouplingconstantg de-
pends

on the renormalizationscheme(parameterizedby a scale� ).

� Thedependenceg(� ) is givenby the (renormalized)� -function:

� (g) � �
dg
d�

� For the latticeregularizationa bare � -functionis de�nedas:

� L (g0) = � a
dg0

da
jg; �

a : lattice spacing

� : renormalizationscale

g (g0) : renormalized(bare)

couplingconstant

� QCD: Asymptoticlimit (g0 ! 0):

� L (g0) = � b0 g3
0 � b1 g5

0 � bL
2 g7

0 � :::

? b0; b1: universalconstants
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N : number of colors

N f : number of 
avors

? bL
2 : dependson regulator

� Coe�cients bL
i are calculatedperturbatively

� Present work:
Calculationof bL

2 usingthe OverlapfermionicactionandWilson
gluons



III. METHODOLOGY

� L (g0) andperturbationtheory:

Lattice: � L (g0) = � a
dg0

da
jg; � = � b0 g3

0 � b1 g5
0 � bL

2 g7
0 + :::

Continuum: � (g) = �
dg
d�

ja;g0 = � b0 g3 � b1 g5 � b2 g7 + :::

Renormalizationof g0: g0 = Zg(g0; a� )g

=) � L (g0) =
0

B
@1� g2

0
@ln Z 2

g

@g2
0

1

C
A

� 1

Zg � (g0Z � 1
g )

Perturbativeexpansionof Z 2
g:

Zg(g0; a� )2 = 1+ L0(a� ) g2
0 + L1(a� ) g4

0 + O(g6
0)

b0; b1; b2; L0(a� ): appear in the literature(Refs.[22,19])

� � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � �

Background�eld technique( [23{25] ) for the calculationof
Zg(g0; a� ):

ZA(g0; a� )Zg(g0; a� )2 = 1

A �
B (x) = ZA (g0; a� )1=2A �

R (x)

In the formalismof Background�eld:

U� (x) = eiag0Q� (x)
| {z }

Quantum �eld
� eiaA � (x)

| {z }
Background�eld

Calculationof Zg(g0; a� ) � ! calculationof ZA(g0; a� )



For the abovecalculationwe considerthe Background�eld 2-point
function(connected,1PI), both in the continuum(dimensionalregu-
larization)andon the lattice.
Continuum:

� AA
R (p)ab

�� = � � ab
�

� �� p2 � p� p�

�

(1 � � R(p)) =g2

� R(p) = g2� (1)
R (p) + g4� (2)

R (p) + :::

Lattice:
X

�
� AA

L (p)ab
�� = � � ab3bp2 [1� � (p)] =g2

0

� (p) = g2
0� (1)(p) + g4

0� (2)(p) + :::

� p̂� = (2=a) sin(ap� =2)

� � AA (p): Background�eld 2-point function

Therefollows:
ZA = 1� � R(p;�;g )

1� � (p;a;g0)

The gauge parameter must also be renormalized (up to one
loop), in order to compare lattice and continuum results:

� = ZQ� 0,

ZQ = 1+ g2
0z(1)

Q + :::

� ZQ: renormalizationconstantof Quantum�eld

Necessary componentsfor the computationof ZA:

� (1)
R ; � (2)

R ; z(1)
Q ; � (1)

| {z }
already known

; � (2)

perturbativecomputation
(presentwork)



1 and2-loopdiagramswith closedfermionicloop:
The gluoniccontributionsneededfor the presentwork havebeen

calculatedalready(Wilson action)whilethe fermioniccontributions
are associatedwith the diagramsbelow:

� � (1):

1 2

� � (2):

6 7 8

9 10 11 12

13 14 15 16

17 18 19 20

1 2 3 4

5

� Diagramswith IR divergences
mustbe groupedtogether:
(6+12, 7+11, 8+18, 9+17)

: Background�eld

: Quantum�eld

: fermion�eld

: masscounterterm

� For overlapfermions,diagrams19 and 20 both vanish,sincethe
masscountertermequalszero



IV. OVERLAP ACTION

SOverlap = a8 X

n;m
�	( n) DN (n; m) 	( m)

Overlap-Diracoperator:

DN (n; m) = �
�
� n;m
a4 �

�

X 1p
X yX

�

nm

�

X = 1
a4 (DW � � ), DW : Wilson-Diracoperator

0 < � < 2 (to guaranteethe correctpolestructureof DN )

? Couplingconstantis includedinsideof X

M omentumspace:

X (q; p) = � 0(p)(2� )4� P (q � p)
| {z }

tr ee� level

+ X 1(q; p) + X 2(q; p)
| {z }

1� loop

+ X 3(q; p) + X 4(q; p)
| {z }

2� loop

+O(g5
0)

� 0, X i : verticesof the Wilsonfermionaction

� 0(p) =
i
a

X

�

 � sin(ap� ) +

r
a

X

�

�
1 � cos(ap� )

�
�

�
a

X 1(q; p) = g0

Z
d4k� (q � p � k)

X

�
A � (k)V1;�

� q+ p
2

�

X 2(q; p) =
g2

0

2

Z d4k1d4k2

(2� )4
� (q � p � k1 � k2)

X

�
A � (k1)A � (k2)V2;�

� q+ p
2

�

X 3(q; p) =
g3

0

3!

Z d4k1d4k2d4k3

(2� )8
� (q � p �

3X

i =1

ki )
X

�

3Y

i =1

A � (ki )
h

� a2V1;�

� q+ p
2

� i

X 4(q; p) =
g4

0

4!

Z d4k1d4k2d4k3d4k4

(2� )12
� (q � p �

4X

i =1

ki )
X

�

4Y

i =1

A � (ki )
h

� a2V2;�

� q+ p
2

�i

A � : generalgluonic�eld

V1; � (q) = i 
 � cos(aq� ) + r sin(aq� )

V2; � (q) = � i 
 � a sin(aq� ) + ar cos(aq� )



Goal:
To �nd the perturbativeexpansionof DN in powersof g0.
This leadsto the propagator of zeromassfermionsand to gluon-
fermion-antifermionvertices(with up to 4 gluonsfor the needsof the
presentcalculation).The muchsimplercaseof verticeswith up to 2
gluons(andno background)canbe foundin Ref.[26].

After laboriousanalyticalmanipulations:

DN (k1; k2) = D0(k1)
| {z }

inverse
propagator

(2� )4 � 4(k1 � k2) + �( k1; k2)

D0(k1) = 1+
� 0(k1)
! (k1)

, ! (p) =
s � X

�
sin2 (p� )

�
+

�
2r

X

�
sin2 (p� =2) � �

� 2

�( k1; k2)
�

= V 1
1 (k1; k2)

| {z }
1� gluonvertex

+ V 2
1 (k1; k2) + V 2

2 (k1; k2)
| {z }

2� gluonvertex

+ V 3
1 (k1; k2) + V 3

2 (k1; k2) + V 3
3 (k1; k2)

| {z }
3� gluonvertex

+ V 4
1 (k1; k2) + V 4

2 (k1; k2) + V 4
3 (k1; k2) + V 4

4 (k1; k2)
| {z }

4� gluonvertex

+O(g5
0)

wherewe haveseta = 1, and:

� V i
1 (k1; k2)=

1
! (k1) + ! (k2)

"

X i (k1; k2) �
1

! (k1)! (k2)
� 0(k1) X y

i (k1; k2) � 0(k2)

#

� V i
2 (k1; k2)=

Z d4k3

(2� )4

1
! (k1) + ! (k3)

1
! (k1) + ! (k2)

1
! (k2) + ! (k3)

�

X

f j > 0;k > 0g
f j + k = i g

"

� X j (k1; k3) � y
0(k3) X k(k3; k2)

� X j (k1; k3) X y
k(k3; k2) � 0(k2)

� � 0(k1) X y
j (k1; k3) X k(k3; k2)

+
! (k1) + ! (k2) + ! (k3)

! (k1)! (k2)! (k3)
� 0(k1)X

y
j (k1; k3)� 0(k3)X y

k(k3; k2)� 0(k2)

#



� V i
3 (k1; k2) =

Z Z d4k3

(2� )4

d4k4

(2� )4

1
4

 
Y

p�S 4

1
! (kp1) + ! (kp2)

!

�

X

f j > 0;k > 0;l> 0g
f j + k + l = i g

"

�
1
6

 
X

p�S 4

! (kp1)! (kp2 )! (kp3)

!

X j (k1; k3)X
y
k(k3; k4)X l (k4; k2)

+
�
! (k1) + ! (k3) + ! (k4) + ! (k2)

�
�

h
� 0(k1)X

y
j (k1; k3)X k(k3; k4)X

y
l (k4; k2)� 0(k2) + � 0(k1)X

y
j (k1; k3)X k(k3; k4)�

y
0(k4)X l (k4; k2)

+ � 0(k1)X
y
j (k1; k3)� 0(k3)X

y
k(k3; k4)X l (k4; k2) + X j (k1; k3)�

y
0(k3)X k(k3; k4)X

y
l (k4; k2)� 0(k2)

+ X j (k1; k3)�
y
0(k3)X k(k3; k4)�

y
0(k4)X l (k4; k2) + X j (k1; k3)X

y
k(k3; k4)� 0(k4)X

y
l (k4; k2)� 0(k2)

i

�

 
X

p�S 4

! (kp1)! (kp2 )
�
! (kp1)=2 + ! (kp3)=3

�

! (k1)! (k3)! (k4)! (k2)

!

� 0(k1)X
y
j (k1; k3)� 0(k3)X

y
k (k3; k4)� 0(k4)X

y
l (k4; k2)� 0(k2)

#

� V 4
4 (k1; k2) =

Z Z Z
d4k3

(2� )4

d4k4

(2� )4

d4k5

(2� )4

1
12

 
Y

p�S 5

1
! (kp1 ) + ! (kp2 )

!

�

"  
X

p�S 5

! (kp1 )! (kp2 )! (kp3 )! (kp4 )
�
! (kp1 )=6 + ! (kp5 )=30

�
!

�

h
(X 1(k1; k3)X y

1(k3; k4)X 1(k4; k5)X y
1(k5; k2)� 0(k2)

+ X 1(k1; k3)X y
1(k3; k4)X 1(k4; k5)� y

0(k5)X 1(k5; k2) + X 1(k1; k3)X y
1(k3; k4)� 0(k4)X y

1(k4; k5)X 1(k5; k2)

+ X 1(k1; k3)� y
0(k3)X 1(k3; k4)X y

1(k4; k5)X 1(k5; k2) + � 0(k1)X y
1(k1; k3)X 1(k3; k4)X y

1(k4; k5)X 1(k5; k2)
i

�
1
6

 
X

p�S 5

! (kp1 )! (kp2 )
�
! (kp1 ) + ! (kp3 )

�
!

�

h
X 1(k1; k3)� y

0(k3)X 1(k3; k4)X y
1(k4; k5)� 0(k5)X y

1(k5; k2)� 0(k2)

+ X 1(k1; k3)� y
0(k3)X 1(k3; k4)� y

0(k4)X 1(k4; k5)� y
0(k5)X 1(k5; k2)

+ X 1(k1; k3)� y
0(k3)X 1(k3; k4)� y

0(k4)X 1(k4; k5)X y
1(k5; k2)� 0(k2)

+ X 1(k1; k3)X y
1(k3; k4)� 0(k4)X y

1(k4; k5)� 0(k5)X y
1(k5; k2)� 0(k2)

+ � 0(k1)X y
1(k1; k3)� 0(k3)X y

1(k3; k4)� 0(k4)X y
1(k4; k5)X 1(k5; k2)

+ � 0(k1)X y
1(k1; k3)� 0(k3)X y

1(k3; k4)X 1(k4; k5)� y
0(k5)X 1(k5; k2)

+ � 0(k1)X y
1(k1; k3)� 0(k3)X y

1(k3; k4)X 1(k4; k5)X y
1(k5; k2)� 0(k2)

+ � 0(k1)X y
1(k1; k3)X 1(k3; k4)� y

0(k4)X 1(k4; k5)� y
0(k5)X 1(k5; k2)

+ � 0(k1)X y
1(k1; k3)X 1(k3; k4)� y

0(k4)X 1(k4; k5)X y
1(k5; k2)� 0(k2)

+ � 0(k1)X y
1(k1; k3)X 1(k3; k4)X y

1(k4; k5)� 0(k5)X y
1(k5; k2)� 0(k2)

i

+

 
X

p�S 5

! 2(kp1 )! (kp2 )! (kp3 )
! (k1)! (k2)! (k3)! (k4)! (k5)

�
! (kp2 )[! (kp1 )=2 + ! (kp3 )=6] + ! (kp4 )[! (kp1 )=3 + ! (kp2 ) + ! (kp5 )=3]

�
!

�

� 0(k1)X y
1(k1; k3)� 0(k3)X y

1(k3; k4)� 0(k4)X y
1(k4; k5)� 0(k5)X y

1(k5; k2)� 0(k2)

#



Insertingthe Background�eld into the vertices:
Theuseof theBackground�eld techniqueimpliesthat insteadof the
generalgluonic�elds (appearing in X i 's), onehasto take all possible
combinationsof Background(A) andQuantum(Q) �elds.

Hence,
X 0(p) = X 0(p)

X 1(q; p) = X Q
1 (q; p) + X A

1 (q; p)

X 2(q; p) = X QQ
2 (q; p) + X QA

2 (q; p) + X AA
2 (q; p)

X 3(q; p) = X QQQ
3 (q; p) + X QQA

3 (q; p) + X QAA
3 (q; p) + X AAA

3 (q; p)

X 4(q; p) = X QQQQ
4 (q; p) + X QQQA

4 (q; p) + X QQAA
4 (q; p) + X QAAA

4 (q; p) + X AAAA
4 (q; p)

Consequences:
� Theverticesbecomeextremelylengthyandcomplicated
� Calculationis computationallyexpensiveandhumantime

demanding

For instance,
� the vertexwith Q-Q-A-	 -	 consistsof 9,784terms
� the vertexwith Q-Q-A-A-	 -	 has724,120terms!!!

� � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � �

Actualprocedurefor calculatingdiagrams:

� Contractionof vertices.

� Simpli�cationof color dependence,Dirac matricesandtensors.

� Usageof symmetriesof the theory andof the diagrams.

� Extractionof the externalmomentumq:
? Isolationof termsthat givelogarithms.
? Taylor expansionof convergenttermswith respect to q

up to O(q2).

� Numericalintegrationover internal momentafor lattices with
varyingsizeandfor di�erent valuesof � (Overlapparameter).

� Extrapolationof theresultsto latticewith in�nite size,estimation
of the systematicerrors. IR divergentdiagramsmustbe summed
up before proceedingwith the extrapolation.



VI. RESULTS

EachFeynmandiagramhasa dependenceon g; N; N f ; � andaq
accordingto the followingformulas:

?1-loopcontribution:

daq2� (1)
i (q) = N f

�

e(0)
i + a2q2f e(1)

i + e(2)
i

ln a2q2

(4� )2 g + O((aq)4)
�

indexi : runsoverdiagrams
� bp2 = 4P

� sin2(p� =2)

� ej
i � ej

i (� )
?2-loopcontribution:

daq2� (2)
i (q) = N f

�

c(0)
i + a2q2

8
>><

>>:
c(1)

i + c(2)
i

ln a2q2

(4� )2 + c(3)
i

0

B
@

ln a2q2

(4� )2

1

C
A

2
9
>>=

>>;

+ c(4)
i a2 X

�

q4
�

q2 + O((aq)4)
�

� cj
i � cj

i (� ) = [c(j; � 1)
i =N + c(j; 1)

i N ]

Comparisonwith continuumlimit andusageof Ward Identities,leads
to:

�
X

i
e(0)

i = 0, �
X

i
e(2)

i =
3
2

�
X

i
c(0)

i = 0, �
X

i
c(4)

i = 0 (Lorentz invariance)

�
X

i
c(2)

i =
1

16� 2(3N �
1
N

)

� c(3)
15 =

1
3N

; c(3)
16 =

4
3
N; c(3)

17 = �
5
3
N; c(3)

18 =
N 2 � 1

3N



� 1-loop:
Total � (1)(q) for 21 valuesof the overlapparameter(0< � < 2).
Eachdiagramwasintegratedfor latticesizen4, n � 128.
Oncewe havethe numericalresults,we proceedwith extrapola-
tion andsystematicerror calculation.

� 2-loop:
Calculationconcerning� (2)(q) is donefor 21 valuesof � andfor
n � 28. Dueto the extremelylargesizeof the verticesinvolved,
it is almostimpossibleto extendthe resultsfor largern.
Typically,
integrationof 2000termscompletedin ' 7 daysin 1 CPU.
Presentcalculation:approximately3650� 2000terms.
If only a single CPU available:
our work would have required 70 years!!!
? In certaincaseswith large systematicerrors we extendedthe
integrationup to n = 46(for particular valuesof � )

A largevariety of possiblenumericalcheckshasbeenperformed:

� Total contributionto gluonmassaddsto zero

� Coe�cients of non-Lorentzinvariant termscancel

� Termswith doublelogarithmscorrespondto continuumcounter-
parts, diagramby diagram

� Termswith singlelogarithmsaddup to their expectedvalue



TABLES

We tabulatethe total O(q2) contributionof daq2� (1)
i (q) for di�erent

valuesof the Overlapparameter� :

TABLE I. Coe�cien ts
X

i

e(1)
i

�
X

i

e(1)
i

0.1 � 0.020377(7)
0.2 � 0.01581702(2)
0.3 � 0.0133504717(2)
0.4 � 0.01169109515(2)
0.5 � 0.0104621922(2)
0.6 � 0.0095058191(2)
0.7 � 0.00874441051(7)
0.8 � 0.00813753230(4)
0.9 � 0.00766516396(3)
1.0 � 0.00732057894(3)
1.1 � 0.00710750173(2)
1.2 � 0.00703970232(7)
1.3 � 0.0071425543(2)
1.4 � 0.0074569183(2)
1.5 � 0.00804670459(4)
1.6 � 0.0090134204(1)
1.7 � 0.010526080(2)
1.8 � 0.0128914(2)
1.9 � 0.01680(8)

? Resultswith greencolor correspondto valuesof � that aremostly
usedin simulations

� e(1)
i (� ) are independent of:

! N
! choiceof regularizationfor the puregluonicpart

of the action(Symanzic,Iwasaki,etc.)

? Theaboveresultsare in good agreementwith corresponding
resultsof Ref.[19].



Hereis presentedthe 2-loopO(q2) contributionfor � � [0:1; 1:8]:

TABLE I I. Coe�cien ts
X

i

c(1;� 1)
i and

X

i

c(1;1)
i

�
X

i

c(1;� 1)
i

X

i

c(1;� 1)
i

0.1 -0:0096(6) 0.124(3)
0.2 -0:0044(1) 0.0118(5)
0.3 -0:00321(6) 0.0045(1)
0.4 -0:00244(4) 0.00302(8)
0.5 -0:00191(1) 0.0022(6)
0.6 -0:001606(6) 0.00176(2)
0.7 -0:001397(3) 0.001454(7)
0.8 -0:001241(1) 0.00124(1)
0.9 -0:001107(1) 0.001051(9)
1.0 -0:000979(1) 0.000872(3)
1.1 -0:000849(2) 0.000710(8)
1.2 -0:000706(3) 0.00052(1)
1.3 -0:000543(4) 0.00033(3)
1.4 -0:000335(7) 0.00007(1)
1.5 -0:00005(1) -0:0002(1)
1.6 0.00034(1) -0:0004(1)
1.7 0.00093(6) -0:0021(5)
1.8 0.0020(1) -0:02(3)

? For genericvaluesof � , we ranour integrationsup to lattices
n � 28.

? For � = 1; 1:4; 1:6 we usedlargelattices,oftenup to n = 36
or larger,to reducesystematicerrors.



GRAPHS

1-loopcontribution:

daq2� (1)(q) = N f

�

a2q2f e(1)
i +

3
2

ln a2q2

(4� )2 g + O((aq)4)
�

0.006

0.008

0.010

0.012

0.014

0.016

0.018

0.020

0.022

0.024

0.026

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

e(1
)

r

Fig.1: Plot of the total coe�cient e(1) =
X

i

e(1)
i for di�erent valuesof the Overlapparameter�

� Errors are too smallto be visibleat this scale



2-loopcontribution:
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Fig.2: Plot of the total coe�cient c(1;� 1) =
X

i

c(1;� 1)
i for di�erent valuesof the

Overlapparameter�

� Errors comefromextrapolationto in�nite sizelattice
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Fig.3: Plot of the total coe�cient c(1;1) =
X

i

c(1;1)
i for di�erent valuesof the

Overlapparameter�

� Errors comefromextrapolationto in�nite sizelattice
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