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ABSTRACT

We calculateghe third coe cient of thelattice -function( _(go))
usingstandad perturbationtheay. This calculations perfamedus-
ing Overlapfermionsand Wilsongluons,whilethe backgroundeld

techniquéhasbeenchoserfor convenience.

Our resultsdepend explicitlyon the numter of colas (N) and
fermion avors (N;). Sincethe deendenceof the functionon
the Overlagaameter cannotbe extractedanalyticallywe tabulate
ourresultsfor di erent valuesn the allovedrangeof (0< < 2),
focusingonvaluesvhichare beingusedmostfrequentlyn simulations.
Thenon-trivialdeendencef | (gy) on isplottedfor 1 and2 loop

contributions.



|. INTRODUCTION

In later years, use of non-ultralo cal actions which pre-
serve chiral symmetry on the lattice has become more
viable. The two actions which are being used most
frequently are domain-wall fermions [1,2] and Overlap
fermions [3{5] based on the Wilson fermion action.

Overlap fermions are notoriously dicult to study, both
numerically and analytically. Many recent promising re-
sults from simulations with Overlap fermions have ap-
peared; see, e.g., Refs. [6{12]. Regading analytical
computations, the only ones performed thus far have
been either up to 1-loop, such as Refs. [13{19], or vac-
uum diagrams at higher loops [20,21]. The presentwork
iIsthe rst oneinvolvinghon-vacuundiagram$eyondthe 1-loop
level.

We compute the 2-loop renormalization of the coupling
constant in the presenceof Overlap fermions. From this
guantity we derive the 3-loop bare beta function on the
lattice.



II. THEORY

Thede nition andvalueof renamalizedcouplingconstantg de-
pends
onthe renamalizatiorschemdparameterizedby a scale ).

Thedependencg( ) is givenby the (renamalized) -function:
@ P
S

For the latticeregulaizationa bae -functionis de nedas:
a: lattice spacing

_ dQO . renaomalizationscale
L(go) B da J 9: g (o) : renamalized(bare)

couplingconstant

QCD: Asymptotidimit (g ! 0):

L(Go) = % % %

? : universatonstants
1 2 !
(4 )2 lN éNfA N : number of colas
1 34 °13 1+° T
= 4~ N2 N: @"N  _—As i
by 4)* 3 73

? [ dependsonregulato
Cee cients bt are calculatecperturbatively

Present work:
Calculatiorof [, usingthe Overlapfermionicactionand Wilson
gluons



I[1l. METHODOLOGY

L (go) andperturbationtheay:

: do .
Lattice: L(%) = ad—%)Jg;: bogg’ blgg Op + i

dg. _

Continuum: (g) = g Jaw = g bg® g'+ o
Renomalizationof go:
0 1 1
@nz?
=) “() = 81 & @ggﬁ Zg (9Zy"

Perturbativeexpansiowf Z¢:

Z4(go;a )*= 1+ Lo(a )QS+QQS+ O(g5)

bo; by; by Lo(a ): appea in the literature(Refs.[22,19])

Backgroundeld technique( [23{25] ) for the calculationof
Z4(00;a ):

Za(Qo:a )Zg(gna )* =1

Ag(x) = Za(go;a ) *Ag(X)
In the formalismof Backgroundeld:

U (x) = jagoQ (x) Pi_a o

z _ {z— 1}
Quantum eld



For the abovecalculationve considethe Backgroundeld 2-point
function(connectedlPl), both in the continuum(dimensionalegu-
larization)andon the lattice.

BE*= 2 p pp 1 r(P)=d
r(P) = & L)+ g* Pp) +
CMEP= 3R (p)]=E

=9 P +d PP +::
P = (2=3a) sin(ap =2)

A2 (p): Backgroundeld 2-point function

Therefollowvs:

— 1 Rr(p;;9)
Za= 7 Fzp;a;go)

The gauge paameter must also be reneomalized (up to one
loop), in order to compae lattice and continuum results:

=Zg o

1

Zg=1+gzy +
Zq: renamalizationconstantof Quantum eld

Necessy commnentsfor the computatiorof Za:

(2)

already known \

| iz }
perturbativeeomputation
(presentwork)




1 and24oopdiagramsvith closedermionidoop:
The gluoniccontributionsneededor the presentwork havebeen
calculatedalready(Wilson action) whilethe fermioniccontributions
are assaiatedwith the diagramselow:
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. . ] X : Backgroundeld
Diagramswith IR divergences ' .

mustbe groupgedtogether:
(6+12, 7+11, 8+18,9+17)

.......... : Quantum eld

___: fermion eld

[ . masscounterterm

For overlapfermions,diagramsl9 and 20 both vanish,sincethe
masscounterternequalsero



V. OVERLAP ACTION

Soverlap = ag:_m ( n)Dn(n;m) ( m)

Overlap-Diraoperata:

Dn(n;m) = %rn X XlTXnm
X =%0Dw ) Dw: Wilson-Diraoperata

0< < 2(to guaanteethe carectpolestructureof Dy)
? Couplingconstants includednsideof X

M omentum space

X(@p) = o2 ) p(@ p)+X(a:p)+ X2(0:p)

tree level 1 loop

+ X0 p) + X0 p) +O(5)

2 loop

0, Xi : verticesof the Wilsonfermionaction

X r X
sin(fap ) + a 1 cogap)

z 4 X q
Xi(gp)=0g dk(q p k) A (KVy

(0= -

a
+p

2
272 K,k X +
XA(@p=93 “H5E @ P kok) A GA (Ve 1P
32 gk, dkodk ¥ OOX ¥ h +p !
Xs@P =5 Tgye @ bk AK) @ TP
47 4k, dkod*kadk XX ¥ h +pi
Xa@p =g SRR @ e kT Ak @ F
A : generalgluonic eld
Vi (@ =i cos@q)+r sin(ag )

Vo. (@ = 1 asin(ag )+ ar cogaq )



To nd the perturbativeexpansionf Dy in powersof go.

This leadsto the propagato of zeromassfermionsandto gluon-
fermion-antifermiowerticegwith up to 4 gluondor the needof the
presentcalculation).The muchsimplercaseof verticesvith up to 2
gluonglandno backgroundganbe foundin Ref.[26].

After laboriousanalyticaimanipulations:

Dn(kika) = ofk) (2 )* Yk ko) + (kijko)
propagator
k S —x X 2
=1+ !O((kll))’ ' (p) = sif(p) + 2r si?(p =2)
(( ki;ko) _

= Vi(kgika) + VE(Kss ko) + VF (ki k)
1 gluonvertex 2 gluonvertex
+ |V13(k1; k) + V23(|§71; ko) + V(ky; K2)
3 gluonvertex
+ Vi'(ker ko) + Vo'(Ka ko) & Vi'(kar ko) + Vy'(Kas ko) + O(gp)

4 gluonvertex

wherene haveseta = 1, and:

V; (Kq; k)= Xi(ka; ko) o(k1) X7 (kq; k2) o(kz)

(k) + ! (k2) I (ka)! (ko)

Z g%, 1 1 1
(2 )41 (k) + 1 (ka) ! (k) + 1 (ko) ! (ko) + ! (ka)

X (kg;ks)  dks) Xi(ks; kz)

Vzi (k1; ko)=

X (k1;ks) X{(Ka; ko) o(kz)

o(k1) X' (kg; k3) X (ks; kz)

#

o k) + (ko) + 1 (ks) o(k) X' (kir k) o(ks)X (ks kz) o(k)

b (k! (k2)! (k)




27 ks dk, 1Y 1

V?j(kl;kZ) = " 2 )4 (2 )421 . | (kpl) + | (kpz)
X e_ls : D (kp)! (kpo)! (Kps) X (Kas ka) X (Ka; ka) X 1(Ka; ko)
fj>0;k>0;l> 0g pSa

fi+k+I=ig

:]‘ P(ka) + 1 (ks) + ! (kg) + ! (ko)
o(ka) X' (Ka; k) Xk (ka; ka) X '(Ka; K2) o(ka) +  o(ka) X[ (ks Ka)Xk(Ks; ka) (Ka)Xi(Ka; k2)

+ o(k1)X{ (K1 ks) o(ka)Xg(ks; Ka)Xi(Ka; k2) + X (Ki;ka) 9(ka)Xk(Ks; Ka)X [ (Ka; K2) o(kz)i

+ X (ki Ka) B(ks)Xk(Ka;ka) §(Ka)Xi(Ka; k2) + X (Kiska) X g(kas Ka) o(ka)X7(Ka;Ka) oK)
X1 (Kp)! (Kps) ! (Kp)=2+ ! (Kp) =B
0S4 b (ko)! (ka)! (ka)! (ko)

#
o(k) X[/ (Kir ks) o(ka)X(KsiKa) o(Ka)X[(KaiKz) o(k)

2272 !
d*ks d*ks d*ks 1 Y 1
Vi (ki ko) = S A

) @) @)12 ! (ky)+! (kp.)

X
! (kpl)! (kpz)! (kps)! (kp4) ! (kpl):6+ ! (kp5):30
pSs

(X 1(ka; k3)X {(ka; ka)X 1(Ka; ks) X {(Ks; k2) o(k2)

+ X 1(K1; ka) X 7 (Ks; Ka)X 1(Ka; Ks) §(Ks)X 1(Ks; k) + X 1(k1; k)X {(Ks; Ka) 0(k4)xi/(k4;ks)xl(ks;kz)i

+X1(ky; k3) %(kg)Xl(kg;k4)X}’(k4;k5)XI1(k5;k2)+ o(K1)X{(k1; kg) X 1(Kks; ka) X ¥ (Ka; ks) X 1(Ks; k2)
1 X '
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6 DSs

h
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o(k1)X {(k1;k3) o(ks)X(ks;ka) o(ka)X{(ka;ks) o(ks)X{(ks;kz) o(k2)



Insertinghe Backgroundeld into the vertices:

The useof the Backgroundeld techniquemplieshat insteadof the
generafluonic elds (appeaingin X;'s), onehasto take all possible
combinationsf Background”) andQuantum(Q) elds.

Hence,

Xo(p) = Xo(p)

X1(gp) = X (g p) + X1 (g p)

Xa(p) = X2 p) + XZ2" (g p) + X5 (6 p)

Xa(Gp) = X$OUGP) + X2 (g p) + X (Gp) + X5 (cp)

Xa(p) = X7%Ugrp) + X2 (g p) + X2 (gp) + X2 (g p) + X (G p)
Consequences:

The verticedbecomeaxtremelyengthyandcomplicated

Calculations computationallgxpensiveandhumantime

demanding

For instance,
the vertexwith Q-Q-A- - consist®f 9,784terms
the vertexwith Q-Q-A-A- - has724,12Germs!!!

Actualprocedurdor calculatingdiagrams:

Contractiorof vertices.
Simpli cationof cola degendenceDirac matricesandtensaos.
Usageof symmetriesf the theay andof the diagrams.

Extractionof the externaimomentung;
? Isolationof termsthat givelogaithms.
? Taylor expansiowf convergentermswith resgectto q
up to O(cf).
Numericalintegrationover internal momentafor lattices with
vayingsizeandfor di erent valuef (Overlappaameter).

Extralationof the resultgo latticewith in nite size estimation
of the systematierras. IR divergentiagramgsnustbe summed
up befae proceedingvith the extramlation.



VI. RESULTS
EachFeynmardiagramhasa degendenceng; N; N¢; andaq
accadingto the follovingformulas:
?1-loop contribution:
Wy — N o0 4 2oz oD 4 (2INAF 4
ad’ ’(q) = Ny e + a’fe” + ¢ @) 9+ 0@

Compasonwith continuundimit andusageof Ward Identities)eads
to:

indexi: runsoverdiagrams

2= 4" sird(p =2)

e €()
? 2-loop contribution:
@ (q) = 0) 4 42 2g @, (@ Ina’gf (3)0 In azqzlzz
acf 7@ = Ne 67+ &G, 0+ o7 T T B R
+ Ve $+ O((aq)")

9=
|
=0
|
X (2 _ 1

@ = = (3N
i G 16 2(

1

Q=L @-

3N

1
N

4
_N,
3

d d()=1[a" YN+ "N

x @ _ 3
ia 2
X

q7=

3 _ °

Ci7 = éN'

O (Loreriz invariancé

3
Y=

N2

1

3N




Total (q) for 21 valuesof the overlappaameter(0< < 2).
Eachdiagramwasintegratedor latticesizen®, n 128
Oncewe havethe numericatesults we proceedwith extrapla-
tion andsystemati@rra calculation.

Calculatiorconcerning ?(q) is donefor 21 valuesof andfor
n 28 Dueto the extremelyarge sizeof the verticesnvolved,
it is almostimpossibléo extendthe resultsfor largern.
Typically

integrationof 2000termscompletedn' 7 daysin 1 CPU.
Presentalculationappoximately3650 2000terms.

If only a single CPU available:

our work would have required 70 years!!!

? In certaincaseswith large systematierras we extendedhe
integrationup to n = 46 (for paticula valuesof )

A largevaiety of possiblenumericatheckhasbeenperfamed:
Total contributionto gluonmassaddsto zero
Cae cients of non-Loentzinvaiant termscancel

Termswith doublelogaithmscarespndto continuumcounter-
pats, diagramby diagram

Termswith singlelogaithmsaddup to their expectedvalue



TABLES

We tabulatethe total O(g?) contributionof ag? i(l)(q) for di erent
valuesf the Overlappaameter :

RO RC)

TABLE I. Coecients €
|

A e

|
0.1 0.020377(7)
0.2 0.01581702(2)
0.3 0.0133504717(2)
0.4 0.01169109515(2)
0.5 0.0104621922(2)
0.6 0.0095058191(2)
0.7 0.00874441051(7)
0.8 0.00813753230(4)
0.9 0.00766516396(3)
1.0 0.00732057894(3)
1.1 0.00710750173(2)
1.2 0.00703970232(7)
1.3 0.0071425543(2)
1.4 0.0074569183(2)
15 0.00804670459(4)
1.6 0.0090134204(1)
1.7 0.010526080(2)
1.8 0.0128914(2)
1.9 0.01680(8)

? Resultwith greercolo caresmndto valueof that are mostly
usedin simulations

a(l)( ) areindependent of:
I N
I choiceof regulaizationfor the puregluonicpat
of the action(Symanziclwasaki,etc.)

? The aboveresultsare in good agreementvith caresmnding
resultsof Ref.[19].



? For

Hereis presentedhe 240opO(g?) contributionfor

: X @
TABLE Il. Coecien ts and C
|
R i D x D
| |
0.1 -0:0096(6) 0.124(3)
0.2 -0:0044(1) 0.0118(5)
0.3 -0:00321(6) 0.0045(1)
0.4 -0:00244(4) 0.00302(8)
0.5 -0:00191(1) 0.0022(6)
0.6 -0:001606(6) 0.00176(2)
0.7 -0:001397(3) 0.001454(7)
0.8 -0:001241(1) 0.00124(12)
0.9 -0:001107(1) 0.001051(9)
1.0 -0:000979(1) 0.000872(3)
1.1 -0:000849(2) 0.000710(8)
1.2 -0:000706(3) 0.00052(1)
1.3 -0:000543(4) 0.00033(3)
1.4 -0:000335(7) 0.00007(1)
15 -0:00005(1) -0:0002(1)
1.6 0.00034(1) -0:0004(1)
1.7 0.00093(6) -0:0021(5)
1.8 0.0020(1) -0:02(3)

[0:1; 1.8]

n 28

or larger,to reducesystematierras.

? For generiocvaluesof , we ranour integrationsip to lattices

= 1; 1:4; 1.6 we usedlargelattices,oftenupto n = 36
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