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Isospin breaking effects

mu != md Qu =
2
3

e != Qd = "
1
3

e

Examples
m! ± ! m! 0 = 4.5936(5)MeV

mn ! mp = 1.2933317(5)MeV

caused by and

Some strategies on the lattice to include these effects

1. QCD + non-compact QED simulations Duncan-Eichten-Thacker, PRL76(1996)3894; PLB409(1997)387

1-1. Both effects for PS mesons by CHPT Þt

1-2. EM effect only for other hadrons

2. QCD simulation+ sum rules JLQCD Collaborations: Shintani et al., arXiv:0806.4222

Das-Guralnik-Mathur-Low-Young(DGMLY) sum rule (1967)



QCD+ non-compact QED simulations: Recent results

Blum et al. for RBC Collaboration, PRD76(2007)114508PS meson mass

2-ßavor DWQCD + quenched non-compact QED

m2
ij (e) = M 2

ij + ! N LO (M 2
ij ) + ! em(M 2

ij )

∆em(M 2
ij ) = ! (Qi ! Qj )2 + ! 0(Qi + Qj )2(mi + mj ) + ! + (Qi ! Qj )2(mi + mj ) + ! ! (Q2

i ! Q2
j )(mi ! mj ) + ááá

PQCHPT
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Input m2
! ± , m2

K ± , m2
K 0

Fit Resu lts

¥ Fit 61 masses for each sea quark point.

¥ ! sea is poorly deter mined (uncorrelated). Fix ! sea = 0 for the main value,
f it range ! ! 104 ! 0 ! + ! " ! sea

0.015-0.0446 4.62 (18) 0.0080 (12) 0.01129 (24) 0.01746(33) -
4.45 (56) 0.0080 (12) 0.01132 (23) 0.01741(29) 2.5(8 .4) ! 10" 4

0.015-0.03 4.85 (21) 0.0077 (20) 0.01059 (32) 0.01696(40) -
6.46 (86) 0.0077 (20) 0.01048 (32) 0.01701(40) -0.0028 (15)

¥ Experimental inputs: m 2
" ± , m 2

K ± , m 2
K 0 (exclude m " 0)

¥ Using nonpertur bativ ely deter mined Z factor 1/ Z m = Z S = 0.62(4)

m M S
u (2 GeV ) = 3.02(27)(19) MeV,

m M S
d (2 GeV ) = 5.49(20)(34) MeV,

m M S
ud (2 GeV ) = 4.25(23)(26) MeV,

m M S
s (2GeV ) = 119.5(56)(74) MeV,

m u/m d = 0.550(31) ,

m s/m ud = 28.10(38) .
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No disconnected loops

m! ± ! m! 3 = 4.12(21)MeV



Quenched QCD with Clover quark + quenched non-compact QED Namekawa-Kikukawa, Lat2005
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Table 1: Simulation parameters

! 2.187 2.334 2.575
Size 123 ! 24(163 ! 24) 163 ! 32 243 ! 48
Nconf 800(400) 400 100
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Figure1: Volumedependenceof charged pseudoscalar (left panel) and vector meson masses(right panel) at
mPS/ mV = 0.62 on 123 ! 24 lattice. For comparison, masses in pureQCD (open symbols) arealso plotted.

3. Simulation results

WeÞrst check Þnite size effects in our results. Finite size corrections may be enhanced in the
presence of electromagnetic Þelds because electromagnetic Þelds have a long interaction range. It
isnecessary to estimatemagnitudeof Þnitesizecorrections. InFig. 1, weplot charged pseudoscalar
and vector meson masses asa function of thespatial volume. Theresults obtained on 123 ! 24 and
163 ! 24 lattices are mutually consistent within errors. We did not Þnd any enhancement of Þnite
size effects by electromagnetic Þelds. In the quenched approximation, L = 2.4 fm seems to be
enough for meson calculations, even if there isan electromagnetic interaction.

In order to extrapolate our results to the chiral limit, we Þt a hadron mass as a function of
quark massesand charges. Weemploy thefollowing form for achiral extrapolation of pseudoscalar
meson masses.

m2
PS = APS(qq + qq)2 + BPS(qq,qq)(mq + mq), (3.1)

BPS(qq,qq) " BPS
0 + BPS

2 (qq + qq)2, (3.2)

where APS,BPS
0 ,BPS

2 and "c in mq,mq are Þtting parameters. qq is an electric charge for a particle
in units of e and qq is for an antiparticle. q = + 2/ 3 for the up quark and q = # 1/ 3 for the down
quark are assigned. Weusea quark mass deÞned through avector Ward identity,

mq =
1
2

!
1
"q

#
1
"c

q

"

, mq =
1
2

!
1
"q

#
1
"c

q

"

, (3.3)

090 / 3

P
oS

(LA
T

2005)090

Electromagnetic massdifferenceon the lattice YusukeNamekawa

0.25

0.30

0.35

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.12 0.14 0.16 0.18 0.20 0.22 0.24 0.26 0.28
 mq + mq 

 mPS
2 (qu , qd) 

 mPS
2 (qu , qu) 

 mPS
2 (qd , qd) 

 mPS
2 (0 , 0) 

0.000

0.001

0.002

0.0000 0.0003 0.0006

Figure2: Chiral extrapolationsof pseudoscalar meson massesat ! = 2.187.

where " q is a hopping parameter for a quark and " q is for an antiquark. " c
q,q are the corresponding

critical hopping parameters. Thisextrapolation function, inspired by thechiral perturbation theory,
only depends on the total charge and the quark mass combination. In the Þts, correlations among
several charge combinations are neglected for simplicity. We estimate the errors by the jackknife
method. Strictly speaking, the quenched chiral logarithm term must be added to Eq. (3.1). How-
ever, the logarithmic curvature isnot seen in our datawithin mPS/ mV = 0.76! 0.51. Smaller quark
mass data are needed for a more precise extrapolation. We found Eq. (3.1) reproduce our lattice
data well. As an example, the Þt result at ! = 2.187 is presented in Fig. 2. #+ is heavier than #0,
as wesee in nature.

Vector meson masses are extrapolated as follows.

mV = AV(qq,qq) + BV(qq,qd)(mq + mq), (3.4)

AV(qq,qq) " AV
0 + AV

2 (qq + qq)2, (3.5)

BV(qq,qq) " BV
0 + BV

2 (qq + qq)2. (3.6)

AV
0 ,AV

2 ,BV
0 and BV

2 are Þtting parameters. In contrast to thecase of pseudoscalar mesons, massdif-
ferenceof charged and neutral vector mesons isfound to besmall. Thistiny massdifference iscon-
sistent with the result calculated by the hidden local symmetry formulation, $m%= ! 1 MeV [6].

Weidentify thephysical point withexperimental valuesof #0 and %0 masses, M#0 = 0.1350 GeV
and M%0 = 0.7751 GeV. By solving Eq. (3.1) and Eq. (3.4) using M#0,M%0, a sum of bare up and
down quark masses at the physical point, (mu + md)phys, are determined. The lattice spacing a% is
set by identifying M%0 with mV. Substituting (mu + md)phys to Eq. (3.1) predicts #+ mass. Sim-
ilarly, Eq. (3.4) gives m%+ . To determine up, down and strange quark masses independently, we
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Figure3: Latticespacing dependenceof quark masseswith and without electromagnetic effects.

also useexperimental valuesof K+ and K0 meson massesas inputs. (mu + ms)phys isobtained from
MK+ = 0.4937 GeV and (md + ms)phys from MK0 = 0.4976 GeV. Quark masses are renormalized
using one-loop renormalization constants Zm and coefÞcients bm at µ = 1/ a [7],

mMS
q (µ = 1/ a) = Zm

!
1+ bm

mq

u0

"
mq

u0
, (3.7)

whereu0 isatadpole factor, u0 = (1! 0.8412/ " )1/ 4. TheMSquark massesat µ = 1/ a areevolved
to µ = 2 GeV using the four-loop beta function.

Continuum extrapolations are performed by linear Þts to the data at three lattice spacings.
Our preliminary results for light quark masses are mMS

u (µ = 2 GeV) = 3.03(19) MeV, mMS
d (µ =

2 GeV) = 4.44(28) MeV, mMS
s (µ = 2 GeV) = 99.2(52) MeV. Fig. 3 illustrates lattice spacing de-

pendence of quark masses with and without electromagnetic effects. We found electromagnetic
contributions to the strange quark mass is 1%. In contrast to the case of quark masses, electro-
magnetic masssplittingsof pseudoscalar and vector mesonsshow mild latticespacing dependence.
Therefore, we employ constant Þts for continuum extrapolations of electromagnetic mass split-
tings. Our results are represented in Fig. 4. The obtained mass splittings are consistent with
experimental values. In addition to #+ ! #0 and $+ ! $0 mass difference, we can estimate elec-
tromagnetic contribution to K+ ! K0 mass difference by Eq. (3.1). Using a constant continuum
extrapolation again, theelectromagnetic contribution to K+ ! K0 massdifference isevaluated to be
1.420(24) MeV, which isclose to the value of DashenÕs theorem 1.3 MeV [8], rather than amodel
estimate 2.6 MeV [9]. But, our simulations are in the quenched approximation and the chiral log-
arithm is neglected. Including dynamical quarks and chiral logarithm effects is needed for a more
precise comparison with other calculations.

4. Conclusions

We calculated electromagnetic mass splittings using the RG-improved gauge action and the
clover-improved Wilson quark action on the background of SU(3) " U(1) Þelds in the quenched
approximation. After chiral and continuum extrapolations, we found #+ ! #0 and $+ ! $0 mass
differences areconsistent with experimental values, and wecan extract up, down and strangequark
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Figure 4: Lattice spacing dependenceof electromagnetic mass splittings. Star represents the experimental
value.

masses. Wealso conÞrmed that massdifferences obtained with L = 2.4 fm arenot shifted by Þnite
sizeeffects. An important futurework isto includedynamical quark effects. Simulationsusing full
QCD data generated by CP-PACScollaboration are ongoing.
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! ± ! ! 0 sp l i tti ngs

¥ ignore disconnected quark loops (! ).

¥ Non-monotonic in mass

¥ Dependson fit range

¥ Linear extr aplation for unitar y points, m v = m s, yield a small but positiv e value
! 0.5 MeV.

¥ Experimental ly consistent with zero.
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Namekawa-KikukawaBlum et al.

EM sp li tti ngs in Bary ons

¥ (m P ! m N )em = 0.76(30) MeV [Gasser Leutwyler, PR87(82) 77]
(m P ! m N )exp = ! 1.2933317(5) MeV

¥ (m ! + + m ! + ! 2m ! 0) exp= 1.5 MeV
cancel quark mass splitting s.

¥ Large finite volume effects ? [Cotting ham, Ann.Phys.25 (1963) 424] .
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QCD+DGMLY sum rule JLQCD Collaborations: Shintani et al., arXiv:0806.4222

m2
! ± (mq = 0) = !

3!
4" f 2

! !

0
dq2 q2! (1 )

V " A (q2)
"
"
"
m q =0

DGMLY sum rule

!Vµ V! " Aµ A! #(q) = (q2! µ ! " qµ q! ) ! (1 )
V ! A (q2) " qµ q! ! (0 )

V ! A (q2)

Current-Current correlator

Fit ansatz for ! (1)(q2) for (qa)2 ! 2

0 0.01 0.02 0.03 0.04 0.05 0.06
mq

-0.01

-0.008

-0.006

-0.004

-0.002

0

q2
!

(1
) V

-A

finite volume
infinite volume

^

^

FIG. 2: öq2! (1)
V−A |öq2= 0.038 as a funct ion of quark mass. The Þt results with (solid) and without

(dashed) Þnite volume correct ion are shown.

uncertaint ies due to higher order e! ects in q2 and the Þnite size e! ect , respect ively. Since

only onevalueof öq2 is included in theÞt, theerror from thechiral Þt may beunderest imated.

Furthermore, other sources of uncertainty, e.g. Þnite lat t ice spacing and lack of a dynamical

st range quark, exist . Nevertheless, (7) is already consistent with the experimental value

! 5.09(47) " 10−3 [16].

Next , we consider the squared-mass split t ing between charged and neutral pions. The

split t ing in the chiral limit solely comes through the electromagnet ic interact ion and is writ -

ten by the integral of öq2" (1)
V−A as given in (1). In order to avoid possibly large discret izat ion

e! ects in the large öq2 region, we separate the whole integral region into two parts at öq2= 2.0,

and est imate each part as follows.

For the lower öq2 region (# 2.0), we Þt the data to an ansatz

öq2" (1),Þt
V−A (öq2) = ! öf 2

! +
öq2 öf 2

V

öq2 + öm2
V

!
öq2 öf 2

A

öq2 + öm2
A

!
öq2

24! 2

X (öq2)
1 + x5 (Q2

" )4
, (8)

where Q2
" = öq2/ öm2

" with öm" the physical " meson mass in lat t ice unit . Here and in the

following xi denotes a Þt parameter. We introduce poles of the lowest-lying state for both

vector and axial-vector channels with masses ömV,A and decay constants öf V,A . We put the

constraints öf 2
! = öf 2

V ! öf 2
A and öf A ömA = öf V ömV among them so that they sat isfy the Þrst and

second Weinberg sum rules [17]. Wealso assumea linear dependence on öm2
! : öf V = x1+ x3 öm2

!

and ömV = x2 + x4 öm2
! . The funct ion X (öq2) is either

ln
!

öm2
!

öm2
"

"
+

1
3

! H (4öm2
! / öq2) + x6 Q2

" , (9)

or x6 Q2
" ln(Q2

" ). (10)

6

non-zero only if the chiral symmetry is spontaneously broken

2-ßavor QCD with Overlap quark
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FIG. 3: The Þt results with (9) (dashed curves) and (10) (solid curves). The results in the chiral

limit are also shown. The stat ist ical errors shown are smaller than the symbol size.

Then, thefunct ion (8) behaves asO(q! 6, q! 6 ln q2) at largeq2 in thechiral limit , which iscon-

sistent with the asymptot ic scaling predicted by the operator product expansion (OPE) [18].

Taking (9) for X (öq2), ! (1),fit
V ! A (öq2) reduces to the ChPT predict ion (5) when Q2

! ! 1, while

(10) gives a logarithmic term in the large Q2
! region as expected by OPE.

We Þt the data at öq2 " 2.0 using the measured values of öf " and öm" as shown in Fig. 3.

We have only at tempted an uncorrelated Þt since the full covariance matrix is likely ill-

determined for many data points and free parameters in this Þt . Both (9) and (10) Þt the

data quite well and indeed give a reasonable ! 2/ dof, though the lat ter is slight ly bet ter.

Integrat ing over öq2 in the chiral limit , we obtain m2
" ± |q̂2" 2.0= 676(50) and 811(12) MeV2 for

(9) and (10), respect ively. Thedi" erencearises from thechiral extrapolat ion around öq2= 0.1Ð

0.2, since (9) contains the chiral logarithmic term. Recalling that in the determinat ion of

L r
10 the ChPT formula Þts the data only at the smallest öq2 and (10) Þts the data bet ter than

(9), we take the central value from the Þt with (10) and the di" erence as a systemat ic error

due to the chiral extrapolat ion.

Expanding öq2! (1),fit
V ! A around öq2 = 0 in the chiral limit and comparing with (5), we obtain

Lr
10(m! )= # öf 2 (2x2

1 # öf 2)/ (8x2
1x

2
2). With the Þt results for (9), this gives Lr

10(m! ) = # 4.9$

10! 3. The di" erence from the central value is added to the systemat ic error from the higher

order e" ect , and included in (7) as already ment ioned.

The remaining part of the integral (öq2 % 2.0) is est imated based on the OPE, which

predicts ! (1)
V ! A (q2) & a6/ (q2)3 in the chiral limit for large q2 up to a logarithmic term.

Assuming ! (1)
V ! A |m̂q=0 = a6/ (öq2)3 at öq2= 2, the Þt result with (10) gives a6= # 0.0035. In the
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V ! A |öq2= 0.038 as a funct ion of quark mass. The Þt results with (solid) and without

(dashed) Þnite volume correct ion are shown.

uncertaint ies due to higher order e! ects in q2 and the Þnite size e! ect , respect ively. Since

only onevalueof öq2 is included in theÞt, theerror from thechiral Þt may beunderest imated.

Furthermore, other sources of uncertainty, e.g. Þnite lat t ice spacing and lack of a dynamical

st range quark, exist . Nevertheless, (7) is already consistent with the experimental value

! 5.09(47) " 10! 3 [16].

Next , we consider the squared-mass split t ing between charged and neutral pions. The

split t ing in the chiral limit solely comes through the electromagnet ic interact ion and is writ -

ten by the integral of öq2" (1)
V ! A as given in (1). In order to avoid possibly large discret izat ion

e! ects in the large öq2 region, we separate the whole integral region into two parts at öq2= 2.0,

and est imate each part as follows.

For the lower öq2 region (# 2.0), we Þt the data to an ansatz

öq2" (1),Þt
V ! A (öq2) = ! öf 2

π +
öq2 öf 2

V

öq2 + öm2
V

!
öq2 öf 2

A

öq2 + öm2
A

!
öq2

24! 2

X (öq2)
1 + x5 (Q2

ρ)4
, (8)

where Q2
ρ = öq2/ öm2

ρ with ömρ the physical " meson mass in lat t ice unit . Here and in the

following xi denotes a Þt parameter. We introduce poles of the lowest-lying state for both

vector and axial-vector channels with masses ömV,A and decay constants öf V,A . We put the

constraints öf 2
π = öf 2

V ! öf 2
A and öf A ömA = öf V ömV among them so that they sat isfy the Þrst and

second Weinberg sum rules [17]. Wealso assumea linear dependence on öm2
π: öf V = x1+ x3 öm2

π

and ömV = x2 + x4 öm2
π. The funct ion X (öq2) is either

ln
!

öm2
π

öm2
ρ

"
+

1
3

! H (4öm2
π/ öq2) + x6 Q2

ρ, (9)

or x6 Q2
ρ ln(Q2

ρ). (10)

6

CHPT

OPE

öqµ = 2! nµ /L

Q2
! = q2/m 2

!

öf 2
π = öf 2

V ! öf 2
A

öf V ömV = öf A ömA

Weinberg sum rules



! (1)((qa)2 > 2)
!
!
!
m q =0

=
a6

(q2)6 OPE a6 = [! 0.001, ! 0.01]

est imate of the Þnal result , we use a phenomenological value in the range [! 0.001, ! 0.01]

GeV6 [19] to be conservat ive. An integral then gives m2
! ± |q2! 2.0= 182(149) MeV2.

Summing up the two parts, we obtain

m2
! ± = 993(12)(+ 0

" 135)(149) MeV2, (11)

as thepion squared-mass split t ing in the chiral limit . The Þrst error is stat ist ical; the second

and third ones are due to the chiral extrapolat ion and the uncertainty in a6. The result is

reasonably consistent with the experimental value at the physical quark mass [1261 MeV2].

In addit ion to theerrorsquant iÞed above, other sourcesof systemat ic errorsmay st ill remain.

We do not expect , however, substant ial systemat ic errors other than those est imated above,

since the integral is dominated by the öq2 " 0 region where the integrand öq2! (1)
V " A / öf 2 in the

chiral limit is strongly constrained by the Þrst Weinberg sum rule [öq2! (1)
V " A ]öq2= 0/ öf 2= 1.

In this let ter, we have demonstrated that the S-parameter and the pNGB mass can be

calculated using the lat t ice QCD technique. Since these quant it ies are generated solely

through S! SB, the exact chiral symmetry on the lat t ice plays an essent ial role to prohibit

contaminat ions from the explicit breaking. The method is general and the applicat ion to

other vector-like gauge theories with arbit rary number of colors and ßavors is straight for-

ward. Thus with this method the lat t ice technique is able to direct ly invest igate physical

quant it ies relevant for the LHC phenomenology. In addit ion to these quant it ies, we can also

calculate a6 and the strong coupling constant using the data in the large q2 region. The

results will be reported in a subsequent paper.
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Fit ansatz: OPE-type Fit ansatz: CHPT-type

1.Calculation is very similar to Hadronic Vacuum Polarization for g-2.

at mq = 0

Nature: m2
! ± ! m2

! 0 =1261 MeV2

0 0.01 0.02 0.03 0.04 0.05 0.06

m
q

-0.01

-0.008

-0.006

-0.004

-0.002

0

q
2

!
(1

) V
-A

finite volume
infinite volume

^

^

FIG. 2: öq2! (1)
V ! A |öq2= 0.038 as a funct ion of quark mass. The Þt results with (solid) and without

(dashed) Þnite volume correct ion are shown.

uncertaint ies due to higher order e! ects in q2 and the Þnite size e! ect , respect ively. Since

only onevalueof öq2 is included in theÞt, theerror from thechiral Þt may beunderest imated.

Furthermore, other sources of uncertainty, e.g. Þnite lat t ice spacing and lack of a dynamical

st range quark, exist . Nevertheless, (7) is already consistent with the experimental value

! 5.09(47) " 10! 3 [16].

Next , we consider the squared-mass split t ing between charged and neutral pions. The

split t ing in the chiral limit solely comes through the electromagnet ic interact ion and is writ -

ten by the integral of öq2" (1)
V ! A as given in (1). In order to avoid possibly large discret izat ion

e! ects in the large öq2 region, we separate the whole integral region into two parts at öq2= 2.0,

and est imate each part as follows.

For the lower öq2 region (# 2.0), we Þt the data to an ansatz

öq2" (1),Þt
V ! A (öq2) = ! öf 2

! +
öq2 öf 2

V

öq2 + öm2
V

!
öq2 öf 2

A

öq2 + öm2
A

!
öq2

24! 2

X (öq2)
1 + x5 (Q2

" )4
, (8)

where Q2
" = öq2/ öm2

" with öm" the physical " meson mass in lat t ice unit . Here and in the

following xi denotes a Þt parameter. We introduce poles of the lowest-lying state for both

vector and axial-vector channels with masses ömV,A and decay constants öf V,A . We put the

constraints öf 2
! = öf 2

V ! öf 2
A and öf A ömA = öf V ömV among them so that they sat isfy the Þrst and

second Weinberg sum rules [17]. Wealso assumea linear dependence on öm2
! : öf V = x1+ x3 öm2

!

and ömV = x2 + x4 öm2
! . The funct ion X (öq2) is either

ln
!

öm2
!

öm2
"

"
+

1
3

! H (4öm2
! / öq2) + x6 Q2

" , (9)

or x6 Q2
" ln(Q2

" ). (10)
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2.ChPT Þt at the smallet q gives ÒS-parameterÓ.

currentsweusearenot conserved (cf. [13]), thegeneral form of thecurrent-current correlator

reads

! J µ! (öq) =
!

x

ei öqáx ! 0| T
"
J (21)

µ (x)J (12)
! (0)

#
|0"

=
!!

n= 0

B (n)
J (öqµ)2n ! µ! +

!!

n,m= 1

C(n,m)
J (öqµ)2n" 1(öq! )2m" 1, (2)

where J = V or A. B (n)
J and C(n,m)

J are scalar funct ions of lat t ice momentum öqµ= 2" nµ/ L

with nµ an integer ranging from # L/ 2+ 1 to L/ 2 (L= 16 or 32 for spat ial or temporal direc-

t ion, respect ively). In the cont inuum limit , only B (0)
J and C(1,1)

J survive. B (0)
J could contain

a power divergent contribut ion due to a contact term, but the exact symmetry present be-

tween the vector and axial-vector currents guarantees that this contribut ion cancels in the

di" erence ! V µ! # ! A µ! . Coe# cients other than B (0)
J and C(1,1)

J represent lat t ice art ifacts.

In the di" erence ! V µ! # ! A µ! , these lat t ice art ifacts are negligible as numerically conÞrmed

below.

We deÞne a measure of the Lorentz-violat ing lat t ice art ifacts by

$ J =
!

µ,!

öqµ öq!

$
1
öq2

#
öq!%

" (öq" )3

&
! J µ! , (3)

which contains all of B (n)
J and C(n,m)

J but B (0)
J nor C(1,1)

J . Figure 1 shows $ J for J = V

and A (top) and their di" erence (bot tom) as a funct ion of öq2 at ömq= 0.015. While we

observe stat ist ically signiÞcant non-zero values of $ J depending on öq2, the di" erence is

orders of magnitude smaller than the individual $ J . Similar plot is obtained for ömq= 0.050.

This indicates that the Lorentz-violat ing lat t ice art ifacts indeed cancel in the di" erence

! V µ! # ! A µ! and are insensit ive to S#SB or mq. Neglect ing the Lorentz-violat ing terms, we

analyze the di" erence

! V µ! # ! A µ! =
'
öq2! µ! # öqµ öq!

(
! (1)

V " A # öqµ öq! ! (0)
V " A , (4)

where ! (1)
V " A and ! (0)

V " A represent the transverse and longitudinal contribut ions, respect ively.

First we calculate Lr
10(µ) from ! (1)

V " A . At the next-to-leading order, ChPT predicts [14]

! (1)
V " A (q2) = #

f 2
#

q2
# 8Lr

10(µ) #
ln

)
m2

!
µ2

*
+ 1

3 # H (x)

24" 2
, (5)

H (x) = (1 + x)
+$

1 + x ln
$ $

1 + x # 1
$

1 + x + 1

&
+ 2

,
, (6)

4

0

0.004

0.008

!
J

V
A

0 0.5 1 1.5 2

q
2

0

5e-06

!
V
-!

A V-A

^

FIG. 1: öq2 dependence of ! J (J = V or A) (top) and their di" erence (bot tom). The result for

ömq= 0.015 is shown.

where x ! 4m2
! / q2, and µ is a renormalizat ion scale set equal to the physical ! meson mass

m" . Using the measured values of öm! and öf ! , we Þt thedata of öq2! (1)
V ! A at four quark masses

with (5) to obtain Lr
10(m" ) varying Þt range of öq2. Correlat ion among the data points are

ignored since each of all the data comes from di" erent sea quark ensemble (also see below).

It turns out that the Þt including only the smallest öq2 point (öq2= 0.038, which corresponds

to (320 MeV)2) gives an acceptable " 2/ dof (" 0.5). The Þt is shown in Fig. 2 as a funct ion

of ömq (circles and solid curve). Once the second smallest öq2 (" (650 MeV)2 in the physical

unit ) is included the Þt becomes unacceptable (" 2/ dof " O(40)). This may indicate the

breakdown of the chiral expansion at such a large q2. Our result from the smallest öq2 data

is Lr
10(m" ) = # 5.22(17) $ 10! 3. Here, the error is stat ist ical only.

We est imate the systemat ic error due to higher order e" ects of the chiral expansion using

a modiÞed Þt funct ion to cover a wider range of öq2 (see below). We obtain a slight negat ive

shift , 0.3$ 10! 3, which is added to the systemat ic error. The Þnite size e" ect may be sizable

in the pion-loop e" ects, which is the third term in (5), since the lat t ice volume (1.9 fm)3

is not large enough. We est imate its magnitude by replacing the momentum integral with

a sum. öf ! and öm! are also corrected following [15]. Taking these correct ions into account,

we Þt the data at the smallest öq2 to (5) and obtain Lr
10(m" )|V = " = # 5.74(17) $ 10! 3 with

" 2/ dof= 2.3 as shown in Fig. 2 (t riangles and dashed curve). We take the di" erence between

these two results as an est imate of the systemat ic errors. We then quote

Lr
10(m" ) = # 5.2(2)(+ 0

! 3)(
+ 5
! 0) $ 10! 3, (7)

where the Þrst error is stat ist ical, and the second and third are the est imated systemat ic

5

Spontaneous chiral symmetry breaking (S! SB) of strongly interact ing gauge theory may

provide a natural mechanism for the electroweak symmetry breaking. A class of new physics

models based on this idea, so-called the technicolor models, has been studied extensively [1].

In most of those models, massless techni-quarks with weak charge are introduced; the weak

gauge bosons acquire masses from their S! SB. The S-parameter may then be sizably af-

fected, for which those models can bestrongly constrained through theelectroweak precision

measurements [2]. Another characterist ic signal of the technicolor models, that may be ob-

served at the LHC experiments, is the presence of extra Nambu-Goldstone bosons (NGBs)

which are not eaten by the weak gauge bosons. They are called the pseudo-NGBs (pNGBs),

since they must be made massive by introducing explicit breaking of the chiral symmetry of

the techni-quarks in a model dependent way, otherwise they would remain massless. Since

the S-parameter and the pNGB mass are consequences of strong dynamics of the underly-

ing theory, non-perturbat ive framework is required for their calculat ion. In previous studies,

some model was involved in the calculat ion, e.g. [3].

In this work we consider two-ßavor QCD as a test ing ground of our method and demon-

strate that theÞrst principles calculat ion of thosequant it ies arepossible. In thiscontext , the

S-parameter correspondsto Lr
10 (or l r

5 in another convent ion), oneof thelow-energy constants

of the chiral perturbat ion theory (ChPT), as S= ! 16" [L r
10(µ) ! {ln(µ2/ m2

H ) ! 1/ 6}/ 192" 2]

with a renormalizat ion scale µ and the Higgs mass mH [2]. L r
10 is related to a di! er-

ence of vacuum polarizat ion funct ions between vector and axial-vector currents " (1)
V ! A (q2) "

" (1)
V (q2) ! " (1)

A (q2) near the zero momentum insert ion. (A formula will be given in (5).)

For the pNGB mass, a mass formula that is valid for a wide range of technicolor models

and breaking pat terns is known [4]. The formula contains a nonperturbat ive part writ ten

in terms of the vacuum polarizat ion funct ions. The charged pions in two-ßavor QCD is an

example of pNGB, as the electromagnet ic interact ion explicit ly breaks SU(2) chiral sym-

metry and gives a Þnite mass even in the massless limit of up and down quarks [5]. The

corresponding mass formula is known as the Das-Guralnik-Mathur-Low-Young (DGMLY)

sum rule [6]

m2
! ± = !

3#
4"

! "

0
dq2 q2 " (1)

V ! A (q2)|mq= 0

f 2
, (1)

which gives themass of charged pionsat the leading order of theelectromagnet ic interact ion.

Here f denotes thepion decay constant in thechiral limit . Note that neutral pion is massless

2



Future ?
1. QCD with u-d mass difference

RHMC:  positivity for Clover ?

or Reweighting ?

2. disconnected loops

3. full QED ?

Renormalization ? Triviality ?

all-to-all ?
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