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★Other UW faculty working in this area:

• Jeff Mandula
• David Kaplan (INT)
• Martin Savage (NT group)
• Huey-Wen Lin (NT group)

• Andrew Lytle (now postdoc in Southampton)
• Mateusz Koren (exchange student from Krakow)

★ Students



Lattice Projects @ UW during last year

• “Closed flux tubes and their string description in 3+1d gauge theories”
‣ Athenodorou, Bringoltz & Teper, arXiv:1007.4720

• “Large-N spacetime reduction and the sign and silver-blaze problems of 
dense QCD” 
‣ Bringoltz, JHEP 1006:076,2010 (arXiv:1004.0030)

• One-loop matching of improved staggered operators
‣ Kim, Lee & Sharpe, PRD81 (2010) 114503 (arXiv:1004.4039)

‣ Kim, Lee & Sharpe, Lat10 proceedings--arXiv:1010.5483

• BK using improved staggered fermions

‣ Sharpe et al., PRD to appear (arXiv: 1008.5179)

‣ Sharpe et al, Lattice 2010 proceedings--arXiv:1010.4778, 4779, 4780, 4781

• Non-perturbative renormalization using staggered fermions

‣ Lytle, thesis; Lytle & Sharpe, in preparation

• Volume independence of large-N QCD with adjoint fermions
‣ Bringoltz, Koren & Sharpe, in preparation
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BK with improved 
staggered fermions

3

With Chulwoo Jung (BNL),  Weonjong Lee (Seoul 
National), & students



Aims of project
• Calculate BK and related matrix elements with few 

percent precision

• BK determines CP violation in K0 mixing in Standard 
Model (SM)

• Beyond the Standard Model (BSM) theories involve 
related matrix elements

➡ Constraints on BSM theories complementary to those from the LHC

• LQCD needs results from several fermion types
➡ Our calculations complementary to those with Domain-wall fermions

➡ We use 4 lattice spacings compared to 2-3 for DWF
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kf2
KBK = �K̄|s̄γµ(1−γ5)ds̄γµ(1−γ5)d|K�



Laiho, Lunghi, Van de Water (2009)

Staggered

Domain-wall

DW valence/
stagg. sea

Our aim: competitive results with staggered 
valence/sea

Status of lattice calculations of BK
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Laiho, Lunghi, Van de Water (2009)

Staggered

Domain-wall

DW valence/
stagg. sea

Status of lattice calculations of BK

5

Aim achieved: we published a competitive result, 
and further improved on it.

Excellent agreement among lattice results! 

BNL/SNU/UW PRD 2010
BNL/SNU/UW LAT2010



Testing the SM:  tension?

Present lattice average

Laiho, Lunghi, Van de Water (2009)

CKM prediction:
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Calculating BK
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Known local four-fermion operator

Calculating BK
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Known local four-fermion operator

Gauge configuration 
including sea-quark 

loops (MILC)

Valence quarks with 
improved coupling 

to gluons and partial 
chiral symmetry

Calculating BK
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Systematic errors
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Matching lattice and continuum operators

Systematic errors
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Matching lattice and continuum operators

Need for chiral 
extrapolation of md 

to physical value

Systematic errors
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Matching lattice and continuum operators

Discretization 
errors (taste 

breaking) and finite 
volume errors

Need for chiral 
extrapolation of md 

to physical value

Systematic errors
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Methodology
• Use existing MILC ensembles

➡ Improved, rooted staggered sea quarks

➡ a=0.12, 0.09, 0.06 & 0.045 fm

• “HYP” smeared valence staggered quarks
➡ Discretization errors reduced by 3 compared to sea quarks

• USQCD allocation on QCDOC
➡ 1.2 Mnode-hrs in 06/07, 3.25 in 07/08, 12 in 08/09, 25 in 09/10, 20 in 

second half of 2010 (until machine shutdown)

➡ 75K GPU-hours in second half of 2010
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Status of BK calculation 11/10
•One-loop matched BK data at four lattice spacings:

➡ a=0.12 fm, 0.09 fm, 0.06 fm, and 0.045 fm

•Results from 3 lattice spacings published
➡ Complete error budget, 6.2% total error

➡ Result consistent with ALV & RBC

•Chiral perturbation theory analysis published

•One-loop perturbative matching published

•Preliminary results with four lattice spacings
➡ Total error reduced to 4.8%
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New this
year



Continuum extrapolation
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[Bae et al, prelim]

BK

a2 (fm2 x 100)

Use linear extrapolation
for central value



Continuum extrapolation
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[Bae et al, prelim]

BK

a2 (fm2 x 100)

Use linear extrapolation
for central value

During 2010-11 
reduce statistical errors

by factor of 2-3



Error budgets 
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• Total error 
reduced to 4.8%

Updated (Lattice 2010) 
(4 lattice spacings)

• Total error 6.2%, 
dominated by 
matching error

Published result
(3 lattice spacings)



Plans for upcoming year
• Complete analysis with full a=0.045 fm ensemble and 

second a=0.06 fm ensemble 

• Reduce statistical errors (using GPUs at JLab/SNU)

• Implement 2-loop & non-perturbative normalization
➡ Reduce/remove largest systematic

• Present results for related matrix elements
➡ Relevant for BSM theories
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Non-perturbative 
renormalization for 
improved staggered 

fermions
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 Lytle & Sharpe



Aims of project

• Matching is required to connect lattice and 
continuum regularized matrix elements (e.g. ms, BK) 

➡ Perturbative error too large for many precision tests

• Non-perturbative renormalization (NPR) replaces 
truncation error with statistical error

• Apply to MILC and HYP improved staggered fermions
➡ First for quark bilinears (e.g. ms), then four-fermion operators (BK)
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Bilinear matching
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• Comparison of ratios of Z-factors for bilinears with 
same spin but differing taste to one-loop pert. thy.

Works remarkably 
well

[Lytle, thesis]

Spin

Perturbation theory

NPR (errors comparable to point sizes)



ms with asqtad fermions

➡     ms(MS-bar,2 GeV)=103(3)(?) MeV

[Lytle, thesis]

• MILC result from a=0.12 & 0.09 fm lattices using 2-
loop matching is ms(MS-bar,2 GeV)=87(6) MeV

• NPR result is significantly higher:
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Comparison with other results
FLAG (Flavianet Lattice Averaging Group) arXiv:1011.4408

Lytle, prelim

Their estimate:
ms= 95(10) MeV
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Lytle, thesis



Volume independence 
of large Nc QCD with 

adjoint fermions
 Bringoltz, Koren & Sharpe

19



20

Volume Independence [Eguchi & Kawai]

Under non-trivial conditions, certain properties of 
gauge theories at large N are independent of volume

➡ Does this reduction in degrees of freedom provide a 
practical method to access the theoretical simplicity of 
large N theories? Are the conditions satisfied?

➡ Open questions, under preliminary investigation



21

A web of (potential) equivalences

QCD (N=3)
2Nf Dirac fermions

in AS irrep (qab)
infinite volume

QCD (N=infinity)
2Nf Dirac fermions

in AS irrep (qab)
infinite volume

[Corrigan-Ramond
Armoni-Shifman-Veneziano]

N −→∞

QCD (N=infinity)
Nf Dirac fermions

in Adjoint irrep 
infinite volume

“Orientifold” equivalence
(in even C sectors)

[ASV]

QCD (N=infinity)
Nf Dirac fermions

in Adjoint irrep 
SINGLE SITE

“Orbifold” equivalence
[Kovtun,Unsal,Yaffe]

Agree within
 1/N!



QCD (Adj) N=       
Nf Dirac

∞
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Overall aim

QCD (AS) N=3
2 Nf Dirac

QCD (AS) N=        
2 Nf DiracN −→∞

“Orientifold” 

“Orbifold” 

∞

QCD (Adj) N=       
Nf Dirac 

SINGLE SITE

∞

By studying single-site QCD(Adj) for large N can learn 
about 3 field theories of great interest (Nf=1/2, 1 & 2)

Can calculate physical quantities (string tension, pion 
mass, ...) even though single-site “matrix model” 
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Conditions for equivalences to hold

1. Large-N factorization holds

2. Orientifold: C not broken in QCD(AS,Adj)

3. Orbifold: Translation invariance unbroken in QCD
(Adj.) in infinite volume

4. Orbifold: (ZN)4 center symmetry unbroken in 
QCD(Adj.) on a single site
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Conditions for equivalences to hold

1. Large-N factorization holds

2. Orientifold: C not broken in QCD(AS,Adj)

3. Orbifold: Translation invariance unbroken in QCD
(Adj.) in infinite volume

4. Orbifold: (ZN)4 center symmetry unbroken in 
QCD(Adj.) on a single site

We assume the first three hold and study the last 
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Action of AEK model
Wilson gauge and fermion action

   Symmetries:

       gauge:

       center (ZN)4:

Sgauge = 2Nb
�

µ<ν

ReTrUµUνU†
µU†

ν , b = 1/(g2N)

Uµ −→ ΩUµΩ† (all µ) Ω ∈ SU(N)

Uµ −→ Uµe2πinµ/N nµ ∈ ZN

SF =
�

j=1,Nf

ψ̄jDWψj

DW = 1− κ
4�

µ=1

�
(1− γµ)U

adj
µ + (1 + γµ)U

† adj
µ

�



• Determinant real & positive; evaluate explicitly

• Scaling is ~(N2)3xN2  ⇒ can reach N≈15 on PCs

Present studies use rHMC (HMC) for Nf=1 (2)

• Using                             , scaling is ~(N3)xN

• Can reach N=53 on PCs

Scaling of CPU with N
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Last year we used Metropolis algorithm

P (U) = eSEK(U) (detDW )Nf

Uadj ∼ U · U †



Results for Nf=1 
AEK model
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Last year: reduction works for Nf=1

Based on N≤15; shows weak N dependence

b=1 ~0.13

EK model

First-order 
transition
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Last year: reduction works for Nf=1

Based on N≤15; shows weak N dependence

b=1 ~0.13

EK model

Identical to 
infinite 
volume 

theory (at 
large N) 
within 

“funnel”

First-order 
transition
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Very surprising feature:

Inconsistent with naive application of perturbation 
theory [which requires mphys=O(1/N)]

Violates naive decoupling of heavy quarks

b=1 ~0.13

Heavy Quarks
(mphys~1/a)
 can “save” 

large-N 
reduction!
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Very surprising feature:

Checked using rHMC by [Azeyanagi, Hanada, Unsal & Yacoby]

Supported by analytic arguments going beyond PT 
[AHUY, Unsal & Yaffe]

➡ Predicts that funnel closes as 

b=1 ~0.13

Heavy Quarks
(mphys~1/a)
 can “save” 

large-N 
reduction!

|amphys| <
1

b1/4



Last year’s plan:
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Last year’s plan:

√
√

√
√
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Results for Nf=2 
AEK model
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b
4

4

or Z2

32

Phase diagram for Nf=2 (using N up to 37) 

As for Nf=1, vol. indep. holds for wide range of m

First-order 
transition
for all b

[B,K & S, in progress]
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4

4

or Z2
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Phase diagram for Nf=2 (using N up to 37) 

As for Nf=1, vol. indep. holds for wide range of m

First-order 
transition
for all b

 Volume 
independence

 holds

[B,K & S, in progress]



b
4

4

or Z2
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Phase diagram for Nf=2 (using N up to 37) 

First-order 
transition
for all b

Complicated pattern of 
clumping of link eigenvalues

Qualitatively consistent with analytic arguments

[B,K & S, in progress]
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Hysteresis scans at b=1 (N=10,16,23,30)

First order
transition

at κc

κ 

[B,K & S, in progress]

plaquette 

Nf =2
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Hysteresis scans at b=1 (N=10,16,23,30)

First order
transition

at κc

κ 

[B,K & S, in progress]

plaquette 

Funnel

Nf =2
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Hysteresis scans at b=1 (N=10,16,23,30)

κc

κ 

[B,K & S, in progress]

|tr(UμUν)| 

Funnel

Nf =2



Wilson loops W(N,L) in single site theory

Next test: physical quantities
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U2U2

U2

U2

U2

U2

U †
1 U †
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1 U †

1

U †
2

U †
2

U †
2

U †
2

U †
1 U †

1 U †
1

U1U1 U1U1 U1 U1 U1

U †
2 U2

W(5,7)

In infinite volume, can extract heavy quark potential

log(W (N,L))
L→∞−→ −V (N)L
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Results for 1xL Wilson loops
Nf=2, b=0.35, κ=0.12

log(W (1, L))
L→∞−→ −V (1)L

N=10
N=21

N=37
N=47

N=53
20 configs

Slope of 
envelope

gives
-V(1)

Finite N
effect

scaling
as ~1/N

[B,K & S, prelim]
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Need larger N to determine V(5)

Statistics is not the problem

N=10

N=21
N=37

N=47

N=53
20 configs

Not converged
to envelope

for L>2

Finite N
effects

enter at
smaller

 L

log(W (5, L))
L→∞−→ −V (5)L

[B,K & S, prelim]

Results for 5xL Wilson loops



Spectrum of Dw(adj,m0=0)
Shows 5 fingered structure 
characteristic of 4 large dimensions

Im(λ)

Re(λ)
1/N artifact

Nf =2, b=1, κ =0.12, N=37
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174 lattice, weak coupling
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Conclusions & Future Work
Reduction works for QCD(Adj) with Nf=1 & 2

• Appears possible to extract physical quantities

Key questions:

• How does effective size depend on N: Leff ~ N1/4, N1/2 or N?

• How large an N is needed to obtain all physical quantities of interest?

Plans for next year:

• Finish Nf=2 study & write up

• Extend Nf=1 work to larger N

• Move to N>50, using larger scale resources (GPUs and/or clusters using several 
sites, e.g. 24, 34, etc.Use GPUs?


