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Physics 505, Final Exam
December 9%, 2008
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Exam “‘rules”

Write your name on each page.
Please sit away from other students.
If you have a question about the exam, please ask.

This is a closed book exam. A list of relevant formulae is given on a separate handout. If you
think a needed equation is not provided, please ask.

Write your answers on the exam. I have tried to leave ample space, but if you need more, use
additional paper and be sure to write *505 Final" and your name on the top of each page.

If you are asked to give or to write down an answer, then no further explanation is needed
(although you can supply some if you are unsure of your answer).

If you are asked to “explain briefly” a one or two sentence explanation is sufficient.

If you are asked to explain your work, or determine a result, then it is necessary for full credit
that you explain the logic of your calculation. Results given in the handout do not require
explanation. Conversely, any results not given in the handout should be explained or derived.

A completely acceptable method of solution to some problems is to guess an answer based on
physical intuition (e.g. symmetries) and then show that it is correct.
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[% points total] Rigid body motion.

A symmetrxc top is suspended from a fixed point
P as shown. The attachment allows the top to
rotate freely as long as its tip remains at P. The
top is spinning about its long axis at a constant
angular frequency dy/dt (as indicated), and at the
same time is precessing about the local vertical
(z) axis at a constant angular frequency doy/dt
(also indicated). The top’s long axis is inclined at
a constant angle f relative to the local vertical,
and its CM is a distance D from the point of
contact. (The angles a, B, y are similar to Euler
angles.) The top has mass M, and gravity acts as
shown. The principal moments of inertia,
evaluated about axes passing through point P

(not through CM) are I; = I, > [5. At the instant )/ &
( 'y
dy/dt

shown, the long axis of the top lies in the x-z
plane, with the point of contact at the origin.

A. [10 pts] Determine the total angular velocity vector (w) and the total angular momentum vector
(L) of the top at the instant shown. You can give your answers as Cartesian components or in terms

of some other unit vectors of your choice (not necessarily orthogonal). They should be functions of
dov/dt, dy/dt, §, and the I,.5.
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B. [ pts] Determine the relationship between der/dt, dy/dt and (3 that must hold if the motioin is to

be as described (i.e. with § constant) {Obtaining a polynomial equation is sufficient—you do not
need to solve it.) If dy/dt > 0, then what sign is do/dt?
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C. [5 pts],Draw possible directions for the instantaneous total angular velocity and total angular
momentum on the sketch above. (Don’t worry about magnitudes.) Briefly explain your choices.
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2. [3 points total] Hamiltonian mechanics and canonical transformations.

Consider a system in which

1
T=5(@"+@")(@+e), V=

1
a? + ¢3

Determine the Hamiltonian in terms of generalized coordinates of your choice and the corresponding
canonical momenta.

i
A. [® pts] Determine the momenta conjugate to the g; , the Hamiltonian, /7, and Hamilton’s equations.
(Do not be surprised if these look somewhat unusual.) How do we know that H is constant?
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B. [#9pts] Now use cylindrical coordinates, and determine H in terms of these and their conjugate
momenta. What is a second constant of the motion (aside from H)?
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C. [15 pts] So far the system probably looks unfamiliar. It can be made familiar by changing variables,
i.e. by a canonical transformation. The new variables have the form U=Cj l/'2 » Pu=C2 Dr /r A

0=c 3 ¢, andPg=Cy P e Here the ¢;_4 are constants to be chosen. Determine the relationships

that must hold between these constants so that the transformation to the new variables is canonical.
Determine the form of the Hamiltonian which governs dynamics in these new variables. (Hint: this

canonical transformation can be generated by a time-independent generating function F.) You should
now see that it has a familiar form.
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3. [30 points total] Motion in phase space, attractors and chaos.
The equations of motion for a dynamical system in a 2-dimensional phase space (q, p) are:

V = (Vg V,) = (dg/dt, dp/dt) = (p, - ¢’ + . p)

A. [7 pts] Explain why the rate of change of a small area element in phase space, A, is given by

dA/dt = A (div V) = A (6 V/6q, & Vp/Op). = -2 .
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B. [5 pts] For what value or range of values of o can the equations of motion given above be derived
from a Hamiltonian? Explain briefly. A e
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C. [3 pts] For what value or range of values of a. is the system dissipative? Explain briefly.
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D. [10 pts] If a is chosen so that the system is dissipative, sketch qualitatively the behavior of orbits
in phase space on the axes below. Choose two starting points and follow them for at least two
rotations. What is the dimension and position of the attractor? Explain.
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