Physics 505: CLASSICAL MECHANICS
FINAL EXAMINATION: Results you may find useful

Kinematics
Cylindrical coordinates in three dimensions:

r=rcos¢, y=rsing, r=rr+rop+zz;
Spherical coordinates in three dimensions:

xr=rsinfcos¢, y=rsinfsing, z =1 cosb, ?zi‘f—f—r@lé—l—rsinﬁdﬁéﬁ;

Basic dynamics
Motion in inertial frame:
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Angular momentum relative to CM (7}, = 7; — ECM, etc.)
L'=L—Lon=Y7}xp}, L'=>#}xF;
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Reduced mass: 1 = mymz/(mq + ms)

Orbits and scattering
Effective central potential:

& do ¢
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Veg(r) =V (r) +
Ellipse and hyperbola (focal length f, semi-major axis a, eccentricity € = f/a):
r(1 —ecosp) = a(l — €%)

Differential cross section
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Rotating frame

Newton’s law in a rotating, accelerating frame (7y; is the position vector in the rotating

frame; 7o(t) is the position of the origin of the rotating frame in the inertial frame; w(t) is

the angular velocity of the rotating frame about this origin):
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Lagrangian dynamics




Lagrangian and conjugate momenta:
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Hamilton’s principle:
to
0S=40 [ dtL=0; (1)
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Holonomic constraints (using generalized coordinates ¢, ):
fi{a},t) =0, J = 1,number of constraints;

Implement using Lagrange multipliers:

L— L+ A

J

Euler-Lagrange equation with constraints (if present) implemented by Lagrange multipliers:
_——_——— —_— A Y — Fgen 2
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where F&°" is the generalized force of constraint in the ¢, direction, which does virtual work
oW = F&"§q, when g, is varied.

Small oscillations and normal modes (1 a vector, M, v matrices):
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Modal matrix A and normal coordinates (:

Ap=pP, ¢=AT-M-n, n=A¢

Hamiltonian dynamics

Hamiltonian and Hamilton’s equations:

OH _ . OH _ . dH _OH _ 0L
e 1 fg. T P Tar T e T o

H(p7Q7t> = ZPQQQ _L7

If the potential depends on ¢,, but not on ¢, or ¢, and if the generalized coordinates are
time independent, then H =T + V.
Canonical tranformations with generating function F'(q, Q,1):

— 0
H(P,Q,t) = H(p,q7t)+§F(q,Q,t),
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and with generating function S(q, P,t) = F + Y., P,Qa:
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H = 0if S(q, P, t) satisfies Hamilton-Jacobi equation:

A oot b+ 5 =0,
If H is independent of ¢, then can separate this equation using
S(q, P,t) =W(q,P) — Et.
Poisson brackets:
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with F' and G functions of phase-space and t. Hamilton’s equations are then equivalent to
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A simple test for whether a transformation (p,q) — (P, Q) is canonical is whether

[PmQﬁ]pB = —da,3, and [QmQﬁ]PB = [Pmpﬁ]PB =0.

[F7 G]PB

Rigid body motion
Inertia tensor:

Iij = /d%"p(’?) (5ijr2 — l’ﬂEj)

is diagonalized (I = diag(/y, I, I3)) if Cartesian basis chosen along principal axes.
Angular momentum and kinetic energy of rigid body:

3 3

- 1 1-

L= Twé, T:Z§ij2- = 5L-d;

j=1
Euler’s equations in body-fixed frame (7 is torque about CM [if body is rotating freely| or
about a point of the rotating body fixed in an inertial frame):
Ly — (I — I3)waws = 711, plus cyclic permutations

Angular velocity of rigid body in body-fixed coordinates defined by Euler angles:

wy = —dsing cosy+ 3 siny,
wy = dsinﬁsinquﬁ.cosv7

w3 = acosf+7Y;
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Chaotic dynamics
Lyapunov exponent for the map z,11 = f(z,):

1 n—1

A= lim — Y In|f/(z))|;

n—oo
n =

Capacity dimension if N(a) hyperspheres of radius a are required to cover the object (ag
being a fixed reference length):

de = lim —2\Y.
¢ ali%ln(ao/a)’



