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ABSTRACT: We study the phase behavior of diblock copolymers in the presence of an external elect r ic
field. We employ self-consistent -field theory and treat the relevant Maxwell equat ion as an addit ional
self-consistent equat ion. Because we do not t reat the elect r ic field per turbat ively, we can examine its
effects even when its magnitude is large. The electr ic field couples to the system's morphology only through
the difference between the dielect r ic constants of the two blocks. We find that an external field al igns a
body-centered-cubic phase along the (111) direct ion, reducing its symmetry group to R3hm. Transit ions
between this phase and the disordered or hexagonal phases can occur for external elect r ic fields ranging
from a minimum to a maximum value beyond which the R3hm phase disappears completely. This elect r ic
field range depends on diblock architecture and temperature. We present several cuts through the phase
diagram in the space of temperature, architecture, and applied field, including one applicable to a system
recent ly studied.

I . I n t r oduct i on

Because block copolymers readi ly self-assemble into
var ious ordered arrays, they have been avidly studied
for technological appl icat ions such as high-density
porous mater ials, nanoli thographic templates, photonic
band gap mater ials,1- 3 and well-ordered arrays of metal
nanowires.1,4 One pract ical difficulty to their use in some
appl icat ions is that the ordered phase is not created in
one single crystal , but rather in domains of differ ing
or ientat ion. One means of al igning the domains is to
apply an external elect r ic field. I t has been shown3,5- 8

that applying an electr ic potent ial, on the order of a few
to a few dozen volts across elect rodes separated by
several micrometers, can effect ively or ient domains of
lamellar or cyl indr ical morphology normal to the sur-
faces of thin fi lms. The basis of this or ientat ion effect
is simple. To reduce accumulat ion of polarizat ion charge,
the system lowers its free energy by al igning cyl inders
or lamellae so that their long axis is paral lel to the
appl ied field.

Recent ly, related exper iments on diblock copolymers9

have been per formed where external fields have been
appl ied to br ing about a phase transit ion from a phase
of spheres to one of cyl inders. In the phase of spheres,
i t is not possible to el iminate the accumulat ion of
polar izat ion charge so that i ts free energy increases in
an external field with respect to a cylindr ical phase, and
a phase transit ion can be induced. This change in phase
due to the applicat ion of an electr ic field was considered
by Tsor i et al .10 and by Xu et al.9

The effects of an external field on an ordered array
of inhomogeneous dielect r ic mater ial are of great inter-
est . First , the problem is inherent ly self-consistent
simply because the mater ial is a dielect r ic; i .e. the
electr ic field at a given point depends on the polar izat ion

at that point which, in turn, depends on the local electr ic
field. In addit ion, in the problem of interest here, the
local dielect r ic constant is inhomogeneous. I t depends
on the morphology of the ordered phase, which itself
depends upon the local elect r ic field.11

In previous calculat ions for diblock copolymers,9,10 this
self-consistent circle has been broken by assuming that
the two blocks are only weakly segregated, result ing in
a small amplitude of the spat ial var iat ion of the relat ive
concentrat ion of the two blocks. In this case it fol lows
from the vanishing of the divergence of the elect r ic
displacement that the amplitude of the spat ially varying
elect r ic field is also small so that the elect rostat ic
Maxwell equat ion can be solved per turbat ively for the
elect r ic field as a funct ion of the order parameter . This
procedure was carr ied out to quadrat ic order in the field
by Amundson et al.12 I t is appropr iate in the weak-
segregat ion l imit and should be adequate for determin-
ing the general phase behavior in weak external fields.
However , since exper iments are often not in the weak
segregat ion l imit and the effect of elect r ic fields has
hardly been explored, fur ther study is clear ly cal led for .

In recent years, thermodynamic proper t ies of block
copolymer systems have been treated successfully by the
ful l self-consistent -field (SCF) theory, to which weak-
and st rong-segregat ion theor ies are approximat ions.13

Given the self-consistent nature of an inhomogeneous
dielect r ic in an external elect r ic field, i t seems natural
to apply the ful l SCF theory to this problem as well .
That is what we do in this paper . We solve exact ly the
ful l set of SCF equat ions and the appropr iate Maxwell
equat ions under the assumpt ion of a simple const itut ive
relat ion between the local dielect r ic proper t ies and the
local volume fract ions. In par t icular , we consider the
evolut ion of the bulk phase diagram of diblock copoly-
mers in an applied electr ic field and focus upon its effect
on reducing the region of the phase diagram occupied
by the body-centered-cubic (bcc) st ructure (space group* Corresponding author . E-mail : chimney@u.washington.edu.
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Im3hm). Evolut ion of the gyroid st ructure (space group
Ia3hd), whose region in the phase diagram also decreases
due to the appl icat ion of a field, is not considered.

We calculate the st rength of an external field needed
to br ing about a phase transit ion from the (distor ted)
spher ical phase to the disordered phase and to the
cyl indr ical phase. For the t ransit ion to the lat ter phase
we find two dist inct behaviors depending upon the
architecture of the diblock, as measured by the param-
eter fA int roduced below. The first is brought about i f a
t ransit ion from the spher ical phase to the cyl indr ical
phase can be induced in the absence of an external
elect r ic field simply by reducing the temperature in the
realm of interest . I f so, the same must also be true for
very small fields. As a consequence, one can always find
a temperature in that realm at which an arbit rar i ly
small field wil l induce a transit ion from the spher ical
to the cyl indr ical phase. The other behavior occurs if
the spher ical phase is the most stable one in the absence
of an external field for temperatures in the realm of
interest . In that case, a nonzero external field is
required to induce a transit ion from it to the cyl indr ical
one at any temperature in this realm. In either case,
we find that for a given architecture there is a maximum
value of appl ied field beyond which the spher ical phase
is no longer the most stable one for any temperature.

In the fol lowing sect ion, we set up the general
formalism. In sect ion I I I , we discuss its appl icat ion to
the phase of (distor ted) spheres and compare the results
of the full self-consistent calculat ion with those obtained
from an expansion of the free energy in the electr ic field
to order E2. Such an expansion does not indicate the
opt imal direct ion in which the field al igns the cubic
phase, whereas the ful l calculat ion shows that al ign-
ment along the (111) direct ion is favored over a (100)
or ientat ion. There is a concomitant reduct ion of the
symmetry of the phase from Im3hm (bcc phase) to R3hm
(distor ted spher ical phase). Var ious cuts through the
phase diagram are also presented. We conclude with a
br ief summary and compar ison with recent exper i-
ments.

I I . Gener al For mal i sm

We consider a melt of n A- B diblock copolymer
chains, each of polymer izat ion index N ) NA + NB. I f
the specific volumes of the A and B monomers are vA
and vB, respect ively, the volume per chain is vp ) NAvA
+ NBvB. For an incompressible melt of A- B chains, the
volume fract ion of the A monomers is NAvA/(NAvA +
NBvB), and the total system volume is ¿ ) nvp. We
assume the monomer volumes to be ident ical, vA ) vB,
so that the volume fract ion of the A monomers is equal
to the mole fract ion of the A monomers, fA ) NA/N. We
also assume that the Kuhn lengths of the A and B
components are ident ical, a length denoted a.

In the absence of an external field, the appl icat ion of
SCF theory14 leads to a free energy F which is a
funct ional of unknown fields WA, WB, and ¥ and a
funct ion of temperature T

where kB is the Boltzmann constant ; ¼A(r ) and ¼B(r )
are the local volume fract ions of A and B monomers.
The dependence on T comes from the usual Flory
interact ion parameter, ø, which to a good approximat ion
is inversely propor t ional to the temperature, øN ) b/T
with b a constant . The funct ion Q[WA,WB] is the par t i-
t ion funct ion of a single polymer chain subject to the
fields WA(r ) and WB(r ), as is given below. The field ¥(r )
is a Lagrange mult ipl ier that enforces local ly the
incompressibi l i ty const raint , ¼A(r ) + ¼B(r ) ) 1. The
three unknown fields are determined by requir ing that
the free energy funct ional be ext remized with respect
to their var iat ion at constant T.

The fields WA and WB appear in the single-chain
par t i t ion funct ion of the flexible diblock copolymer,
Q[WA,WB] ) sdr q(r ,1)/c, where q(r ,s) sat isfies the
modified diffusion equat ion

and

with the ini t ial condit ion q(r ,0) ) 1, and c is a volume
of no consequence here.

The addit ion of a local elect r ic field E(r ) in the
der ivat ion of the free energy F is st raight forward. In
an ensemble for which an external elect r ic potent ial is
held fixed,15 the above free energy simply becomes

where � 0 is the vacuum permit t ivi ty and � (r ) is the local
dielect r ic constant . A const i tut ive relat ion between � (r )
and the volume fract ions of A and B monomers must
be specified. We choose the local dielect r ic constant to
be given by its local average

where � A and � B are the dielect r ic constants of pure A
and B homopolymer phases, respect ively. This choice
is clear ly correct in the l imit ing cases of the pure
systems and in the weak-segregat ion l imit . I t also has
the vir tue of simplicity and should capture the essent ial
physics.

From the above it can be seen that a convenient scale
for the st rength of the elect r ic field is

The magnitude of this elect r ic field unit at typical
exper imental temperatures, T = 430 K, and for typical
volume per polymer chain, vp = 100 nm3, is E = 82
V/í m. We shal l denote the dimensionless elect r ic field
rescaled in this unit as Eö � E/E. Similar ly a dimension-
less displacement field, Dö, is convenient ly defined by
Dö � D/� 0E.

F (WA,WB,¥ ;T)

nkBT
� - ln Q [WA,WB] +

1
¿ sdr { øN¼A¼B - WA¼A - WB¼B -

¥(1 - ¼A - ¼B)} (1)

@q
@s

)
1
6
Na2r 2q - WA(r )q, i f 0 e s e fA (2)

@q
@s

)
1
6
Na2r 2q - WB(r )q, i f fA < s e 1 (3)

F (WA,WB, ¥ ;T,E)

nkBT
) - ln Q [WA,WB] -

� 0vp

kBTs dr
2¿

� (r )jE(r )j2 +
1
¿ sdr { øN¼A¼B - WA¼A -

WB¼B - ¥(1 - ¼A - ¼B)} (4)

� (r ) ) � A¼A(r ) + � B¼B(r ) (5)

E � (kBT

� 0vp
)1/2

(6)
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The requirement that the free energy funct ional be
an ext remum with respect to var iat ion of WA, WB, and
¥ and of the volume fract ions ¼A and ¼B at constant
temperature, or øN, and fixed elect r ic field Eö leads to
the fol lowing set of SCF equat ions:

The values of WA, WB, ¥ , ¼A, and ¼B which sat isfy these
equat ions are denoted by lower case let ters wA, wB, ê,
� A, and � B, respect ively. The free energy within the SCF
approximat ion, Fscf, is obtained by subst i tut ion of these
values into the free energy of eq 4

or

In addit ion to these equat ions, there are also the
Maxwell equat ions which the elect rostat ic field must
sat isfy in absence of free charges:

As usual, we guarantee that the first of these equat ions
is sat isfied by int roducing the elect r ic potent ial Vö(r )

Since we wil l consider , in addit ion to the disordered
phase, spat ial ly per iodic ones, i t is convenient to wr i te
al l funct ions of posit ion in terms of their values aver-
aged over a unit cel l

and their deviat ions from those average values

The average values of several quant i t ies of interest are

where the value of ê0 has been arbit rar i ly set to zero,
and Eö0 is the value of the local elect r ic field averaged
over a unit cel l . To determine this without knowing the
ful l spat ial ly dependent elect r ic field E(r ), we reason
as fol lows. Assume that the external field is produced
by planar elect rodes which are separated by a distance
d and subject to a voltage difference V12. I n the gap,
and along the z-axis perpendicular to the electrodes, the
field is Eext ) - V12/L . Given that the dielect r ic fi l ls the
space between the plates and that the voltage V12 is held
fixed as the dielect r ic is inser ted, i t fol lows that sEz dz
) EextL and that the average value of Ez is Eext. We
make a reasonable assumpt ion that the free energy of
the system is minimized when an axis of symmetry of
one of the ordered st ructures coincides with the z-axis.
In this case E0 ) s0

LEz dz/L ) Eext. Hence, in rescaled
units

and

Util izing these average values, we can rewrite the free
energy in the SCF approximat ion, eqs 12 and 13, in the
form

where, from the incompressibi l i ty condit ion, ä� A(r ) )
- ä� B(r ). Note that the electr ic field contr ibution - � 0Eö0

2/2
is common to all phases. For the lamellar and hexagonal
phases in the lowest energy or ientat ion, this is the only
cont r ibut ion to the free energy from the elect r ic field.
I t can convenient ly be absorbed in a redefini t ion of the
free energy

The advantage of separat ing out the average values
is that the only remaining Maxwell equat ion, eq 15, can
be wr i t ten as an inhomogeneous equat ion for the
potent ial äVö(r )

This, and the three remaining self-consistent equat ions,

wA ) øN� B + ê -
1
2
� Aj Eöj2 (7)

wB ) øN� A + ê -
1
2
� Bj Eöj2 (8)

� A + � B ) 1 (9)

� A ) -
¿
Q

äQ
äwA

(10)

� B ) -
¿
Q

äQ
äwB

(11)

Fscf(T,E) ) F (wA,wB,ê;T,E) (12)

Fscf

nkBT
) - ln Q[wA,wB] -

1
¿ sdr [øN� A(r ) � B(r ) + ê(r )] (13)

r � Eö ) 0 (14)

r áDö(r ) � r á(� 0� (r ) Eö(r )) ) 0 (15)

Eö(r ) ) - r Vö(r ) ) - r V(r )/E (16)

C0 � áCñ)
sunit cel lC(r ) dr

sunit cel l dr
(17)

äC(r ) � C(r ) - C0 (18)

� A,0 ) fA

� B,0 ) 1 - fA

� 0 ) � AfA + � B(1 - fA)

wA,0 ) øN(1 - fA) -
1
2
� AjEö0j

2

wB,0 ) øNfA -
1
2
� BjEö0j

2 (19)

Eö0 ) (� 0vp

kBT)1/2

Eext zÃ (20)

äEö(r ) ) Eö(r ) - Eö0 � - r äVö(r ) (21)

Fscf

nkBT
) - ln{ Q [wA,wB]

Q [wA,0,wB,0]} + øNfA(1 - fA) -

1
2
� 0Eö0

2 -
øN
¿ sä� A(r ) ä� B(r ) dr (22)

fn(Eö0) � Fscf/nkBT +
1
2
� 0Eö0

2 (23)

r äVö(r )ár [� Aä� A(r ) + � Bä� B(r )] + [� A(fA + ä� A(r )) +

� B(1 - fA + ä� B(r ))]r 2äVö(r ) ) Eö0
@
@z

[� Aä� A(r ) +

� Bä� B(r )] (24)

äwA(r ) ) øNä� B(r ) + äê(r ) +
1
2
� A[2Eö0ár äVö(r ) - (r äVö(r ))2] (25)
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const i tute the four self-consistent equat ions which
determine the four funct ions äwA(r ), äwB(r ), äê(r ), and
äVö(r ).

We note that with our choice of constant external field
appl ied along the z direct ion the Maxwell equat ion, eq
24, admits the fol lowing symmetry:

where the components of r have been wr it ten as (r ^ , z).
The self-consistent equat ions, eqs 24- 27, are now solved
by a standard procedure of expanding the funct ions of
posit ion in a complete set of funct ions with the above
symmetr ies and those of any specific phase considered.13

We have ut i l ized in our calculat ion sets of basis func-
t ions containing between 70 and 125 funct ions, depend-
ing upon the value of øN.

The only parameters enter ing our calculat ion are øN,
fA, � A, and � B and the rescaled external field Eext/E.
Compar ison of the results with exper iment requires the
evaluat ion of E for given T and volume per chain vp. I n
addit ion, the relat ion between T and øN must be
specified.

I I I . Resu l t s

As noted ear l ier , the free energies of lamellar or
hexagonal phases are minimized when the lamellae or
the cyl inders are al igned paral lel to the elect r ic field
because in this or ientat ion there is no bui ldup of
polar izat ion charge. In the body-centered-cubic (bcc)
phase, however , there must be an accumulat ion of
polar izat ion charge ir respect ive of the external field
direct ion. We must determine which field direct ion
produces a phase of distor ted spheres with the lowest
free energy and how large a field this phase can sustain
before a t ransit ion to the hexagonal phase is encoun-
tered. I t is these issues which we now address.

A. The R3hm t o H exagonal Phase Tr ansi t i on . The
symmetry group of the bcc phase is Im3hm, which has
three two-dimensional space subgroups: p4mm along
the [100] direct ion, p6mm along the [111] direct ion, and
p2mm along the [110] direct ion. I f the field were applied
along either the [110] or [100] direct ions, the symmetry
would be reduced to I4/mmm, while i f i t were appl ied
along the [111] direct ion, the symmetry would be
reduced to R3hm. The symmetry in the lat ter case is of
a bcc arrangement of spheres that has been distor ted
along the [111] direct ion. As the R3hm group has the
p6mm symmetry of the hexagonal phase, one would
suspect that a field appl ied along the diagonal [111]
direct ion wil l result in the lowest free energy. By direct
calculat ion of these configurat ions, we find that the R3hm
phase does indeed have a lower free energy than that
of the I4/mmm.

That the elect r ic field favors one or ientat ion of the
Im3hm over another is an effect which is not captured

by an expansion of the free energy to quadrat ic order
in the external field.11 Nonetheless, i t is inst ruct ive to
consider the result of such an expansion. I t is obtained
by solving the Maxwell equat ion r â[� 0� (� A,� B)E] ) 0 to
second order in E to obtain E(� A,� B) and evaluat ing this
field from the volume fract ions character izing the
system in the absence of an external field. The distort ion
of the density dist r ibut ion produced by this field i tself
cont r ibutes terms to the free energy which are higher
order in E2. For a phase which is cubic in the absence
of an elect r ic field, the per turbat ion result can be
wr it ten as12

where ä� A ) - ä� B is the var iat ion of the local volume
fract ion in the zero-field st ructure and � eff is, by defini-
t ion, the effect ive dielect r ic constant for the st ructure
in the field.

We now compare the ful l SCF solut ion with this
per turbat ion result . We choose øN ) 15 and fA ) 0.29,
values at which the bcc phase is the most stable in zero
elect r ic field. The dielect r ic constants are chosen to
make contact with recent exper imental systems of poly-
(methyl methacrylate) (PMMA)/polystyrene (PS) diblock
copolymer, which is referred to hereafter as the PMMA-
PS system. At exper imental temperatures around 160
ÉC the dielect r ic constants appropr iate to the PMMA-
PS copolymer with PMMA being the A block and PS
the B block are � A ) 6.0 (for PMMA) and � B ) 2.5 (for
PS),5,9,10 which yield an average of � 0 = 3.52. In Figure
1, we show the difference, ¢ fn, between the free energy
fn(Eö0) � Fscf/nkBT + � 0Eö0

2/2, eq 23, and its value in zero
external field in the bcc phase. I t is shown as a funct ion
of Eö0, for the hexagonal phase and for the R3hm phase,
as calculated from the ful l SCF theory and from

Fi gur e 1. The difference, ¢ fn, between the dimensionless free
energy, fn, defined in eq 23 and its value in zero external field
in the bcc phase. I t is calculated from the SCF theory and is
plot ted vs dimensionless external elect r ic field, Eö0 ) E0/E, for
the hexagonal phase (hor izontal dot ted l ine) and the R3hm
phase (sol id l ine). The system is character ized by a øN ) 15,
fA ) 0.29. The dielect r ic constants are � A ) 6.0 (for the PMMA
block) and � B ) 2.5 (for the PS block), yielding � 0 = 3.52. The
per turbat ion theory result for the R3hm phase is shown as a
dashed and dot ted l ine. I t has a higher free energy.

Fpt(Eö0)

nkBT
) -

1
2
� 0Eö0

2[1 -
1

12¿ (� A - � B

� 0
)2

sdr [ä� A(r ) -

ä� B(r )]2]
� -

1
2
� effEö0

2 (29)

äwB(r ) ) øNä� A(r ) + äê(r ) +
1
2
� B[2Eö0ár äVö(r ) - (r äVö(r ))2] (26)

ä� A(r ) + ä� B(r ) ) 0 (27)

äVö(r ^ ,z) ) äVö(- r ^ ,z) ) - äVö(r ^ ,- z)

� (r ^ ,z) ) � A� A(r ^ ,z) + � B� B(r ^ ,z)

) � (- r ^ ,z) ) � (r ^ ,- z) (28)
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per turbat ion theory. The lat ter is seen to be adequate
for fields smaller than 10- 20% of the natural unit E at
which Eö0 ) 1. The figure also shows that there is a
t ransit ion from the R3hm to the hexagonal phase at a
value of Eö0 = 0.477 as determined from the ful l self-
consistent calculat ion. Per turbat ion theory underest i-
mates the magnitude of the field needed to br ing about
this transit ion. That the transit ion is first-order is easily
seen as fol lows. The average elect r ic and displacement
fields, E0 and D0, are evaluated by taking their spat ial
averages over the unit cel l . In our case the only nonzero
average components are those in the z-direct ion, and
they are related to the free energy per unit volume
according to

or

One sees from Figure 1 that at the phase transit ion the
free energies of the R3hm and hexagonal phases intersect
with different slopes; therefore, the displacement field
changes abrupt ly.

As a result of the applicat ion of the electr ic field along
the [111] direct ion, the spheres of minor i ty component
are elongated in this direct ion. A density profi le of the
system in the R3hm phase at an external field Eö0 ) 0.470,
sl ight ly smaller than that at the t ransit ion to the
hexagonal phase, Eö0 ) 0.477, is shown in Figure 2b. At
the t ransit ion, the profi le changes abrupt ly to that of
the hexagonal phase, which is also shown in Figure 2c
for Eö0 ) 0.480. To see the extent of the distor t ion in the
R3hm phase, which can be character ized by the aspect
rat io of the distor ted spheres, 1.248, we also present the
density profi le of the bcc phase in zero external field,
in Figure 2a. The cuts are in the plane containing the
[111] and [1h10] direct ions.

There are two features of interest that can be seen
par t icular ly clear ly from the approximate expression of
eq 29. The first is that in the R3hm phase the effect ive
average dielect r ic constant , � eff, is smaller than � 0. I n
the hexagonal and disordered phases, however , � eff is
precisely � 0. Therefore, the displacement field D0 in the
R3hm phase is smaller than in the other two phases. This
is in accord with the change of slope of the free energy
with elect r ic field shown in Figure 1 and eqs 30 and 31.

The second concerns the fact that the dielect r ic
constants are temperature-dependent . Therefore, the
value of the elect r ic field needed to br ing about a phase
transit ion wil l also vary with temperature. The pertur-
bat ion expression leads one to expect that , for fields
smaller than or comparable to E, the natural E-field
scale, the field at the t ransit ion wil l vary as

B. The Gener al i zed Claussi us- Clapeyr on Equa-
t i on . Before present ing the phase diagram of our A/B
block copolymer system in an E-field, we wil l make use
of some general thermodynamic considerat ions. In

par t icular , from the different ial of the free energy per
unit volume

where s ) S/¿ is the entropy per unit volume, one
immediately der ives a Claussius- Clapeyron equat ion
for the slope of the coexistence l ine between any two
phases

where ¢ s and ¢ D0 are the differences in ent ropies and
displacement fields, respectively, in the coexisting phases.

@F/¿
@E0

) - D0 (30)

@F/nkBT

@Eö0
) - Dö0 (31)

Et r(T) µ
[� 0(T)]1/2

� A(T) - � B(T)
)

[fA� A(T) + (1 - fA)� B(T)]1/2

� A(T) - � B(T)
(32)

Fi gu r e 2. Density profi les for three different phases of a
system character ized by øN ) 15 and f ) 0.29, with other
parameters as in Figure 1: (a) the bcc phase which occurs in
zero external field; (b) the R3hm phase at an external elect r ic
field Eö0 ) 0.470 just below the phase transit ion to the
hexagonal phase which occurs at Eö0 ) 0.477; (c) the hexagonal
phase, which is shown for Eö0 ) 0.480. The cuts are in the plane
containing the [111] and [1h10] direct ions. In the black regions,
the local volume fract ions of component A is greater than 0.55,
in the intermediate regions, i t is between 0.55 and 0.45, and
in the white regions, i t is less than 0.45.

d(F/¿ ) ) - s dT - D0 dE0 (33)

dE0

dT
) -

¢ s
¢ D0

(34)
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This can be expressed in terms of Eö0, Dö0, and øN ) b/T as

C. Phase Di agr ams. We now turn to the phase
diagram as a funct ion of the inverse temperature, øN,
the A-monomer fract ion, fA, and the appl ied external
field, Eö0 ) E0/E. We concentrate on the por t ion of the
phase diagram involving the phase with R3hm symmetry
and the neighbor ing disordered and hexagonal phases.
In the space of inverse temperature øN, the fract ion fA,
and appl ied field, the R3hm phase occupies a volume
which is bounded by two sheets of fi rst -order t ransi-
t ions: one from the R3hm to the hexagonal phase and
the other from the R3hm to the disordered phase. These
two sheets of fi rst -order t ransit ions meet at a l ine of
t r iple points, [Eö0,t r iple(fA), øN t r iple(fA)]. Beyond this l ine,
the R3hm phase no longer exists, whi le the disordered
and hexagonal phases remain. They are separated by
another sheet of fi rst -order t ransit ions which emerges
from the line of tr iple points. Hence, this l ine is the locus
at which al l three sheets of first -order t ransit ions meet .

In Figure 3 we show a cut through the phase diagram
at fixed A-monomer fract ion, fA ) 0.29. The cut shows
the phase diagram as a funct ion of the dimensionless
elect r ic field Eö0 and øN. At zero external field, the
entropy difference between the bcc phase and the
hexagonal phase is nonzero, but the difference in
displacement field obviously vanishes. From the Claus-
sius- Clapeyron equat ion, eq 35, the slope of the phase
boundary between these two phases must be infini te at
zero E-field. The same is t rue for the slope of the phase
boundary between the bcc phase and the disordered
phase at vanishing E-fields. Furthermore, we know from
the zero elect r ic field results that the entropy of the
disordered phase is greater than that of the bcc phase
which, in turn, is greater than that of the hexagonal
phase. We also know that the displacement field in the
disordered and in the hexagonal phases is equal to
� 0� 0E0. As we noted ear l ier , the displacement field in
the R3hm phase is less than this value. This informat ion,
together with the Claussius- Clapeyron, eq 35, impl ies
that the phase boundary between R3hm and the disor-
dered phase has a posit ive slope, whi le that between
R3hm and the hexagonal phase is negat ive in accord with
Figure 3.

Moreover , because of the presence of the posit ive
second term in eq 35, the posit ive slope of the phase
boundary between disordered and R3hm phases wil l be
greater in magnitude, or steeper, than that between the
R3hm and hexagonal phases. This is borne out by Figure
3. The three phases meet at the t r iple point , above
which the phase boundary is ver t ical as there is no
difference between the displacement fields of the coex-
ist ing disordered and hexagonal phases. The value of
the elect r ic field at the t r iple point is Eö0,t r iple = 0.71.

To make contact with exper iment , we take param-
eters to fi t the PMMA- PS system of ref 4. With fA )
0.29 and a molecular mass of 3.9 � 104 g/mol, and
ut i l izing the known values of monomer ic volumes, we
obtain a chain length of N = 379 and a volume per
PMMA- PS chain of vp ) 61.24 nm3. At T ) 430 K this
yields E � (kBT/� 0vp)1/2 ) 104.6 V/í m. Therefore, the
value of the electr ic field at the tr iple point is in physical
units E0,t r iple � 74.5 V/í m at this value of fA and T. One
sees from the figure that a t ransit ion from R3hm to
hexagonal phases could be brought about at elect r ic
fields within the interval from this maximum value
down to zero, depending upon the values of øN and fA.

The evolut ion of the phase diagram of Figure 3 with
A-monomer fract ion, fA, is easi ly understood. As fA
decreases from 0.29, the phase boundary at zero field
between R3hm and hexagonal phases moves toward
greater values of øN as does the boundary between
disordered and R3hm phases. When fA is smaller than
f A

coex ) 0.114, the value at which the bcc and hexagonal
phases coexist at infini te øN,16 the boundary between
hexagonal and R3hm phases wil l asymptote with zero
slope to an fA-dependent fini te value as øN increases
without l imit . This zero slope also fol lows from the
Claussius- Clapeyron eq 35 due to the fact that the rat io
¢ s/¢ Dö0 is fini te and 1/øN f 0.

An example of such a phase diagram is shown in
Figure 4. This figure corresponds to a system with fA )
0.1 < f A

coex ) 0.114, as was invest igated recent ly in ref
9. In cont rast with Figure 3, one sees here that the
interval over which a t ransit ion can be observed from
R3hm to hexagonal phases now extends from the t r iple
point at Eö0 ) 2.56 down to a nonzero minimum value
of Eö0 ) 1.33. That is, for elect r ic fields less than this
minimum value, no t ransit ion from the R3hm to a
hexagonal phase occurs within our model. For PMMA-
PS with fA ) 0.1 and molecular mass of 1.51 � 105 g/mol,

Fi gu r e 3. Calculated phase diagram of a diblock copolymer
with a volume fract ion of fA ) 0.29 in the presence of an
external elect r ic field. The phase diagram is shown as a
funct ion of the dimensionless field Eö0 and the interact ion
parameter øN. The tr iple point is located at Eö0,t r iple ) 0.71 and
øN t r iple ) 14.58. Other parameters as in Figure 1.

dEö0

d(øN)
)

vp

øN

¢ (s/kB)

¢ Dö0
+

Eö0

2øN
(35)

Fi gu r e 4. Calculated phase diagram of a diblock copolymer
in the presence of an external elect r ic field. Similar to Figure
3 but with fract ion of the A block, fA ) 0.1. The phase diagram
is shown as a funct ion of the dimensionless field Eö0 and the
interact ion parameter øN. The tr iple point is located at Eö0,t r iple

) 2.56 and øN t r iple ) 50.74.
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as in ref 9, we obtain N � 1458 and a volume per chain
vp ) 239.7 nm3. Therefore, at the exper imental temper-
ature of T ) 430 K, the unit of elect r ic field E ) 52.9
V/í m. In physical units, then, the t r iple point occurs at
an external field of about 135 V/í m, and the minimum
elect r ic field needed to produce a transit ion can be
est imated to be 79 V/í m.

In Figure 5 we show a different cut through the phase
diagram in the (Eö0, fA) plane and for a fixed øN ) 13.3.
The locat ion of the t r iple point is Eö0,t r iple ) 0.58 and
fA,t r iple ) 0.320. This figure, and that of Figures 3 and
4, show that the value of the elect r ic field needed to
br ing about a t ransit ion from the R3hm phase is, for a
given fA fract ion, a sensit ive funct ion of temperature
and, for a given temperature, a sensit ive funct ion of the
mole fract ion of A block, fA.

Figure 6 shows two cuts through the phase diagram
at constant elect r ic field, Eö0 ) 0, and Eö0 ) 0.2. The solid
l ine at lower øN shows the phase boundary at zero-field
between disordered and bcc phases while the sol id l ine
at larger øN shows the zero-field phase boundary
between the bcc and hexagonal phases. The dashed lines
between them show the phase boundar ies for Eö0 ) 0.2.
The l ine denoted B is the boundary between the
disordered and the R3hm phase of distor ted spheres; A
is the boundary between R3hm and hexagonal phases.
These boundar ies meet at the t r iple point , tr , which

occurs at øN t r iple � 11.43 and fA,t r iple � 0.39. For larger
values of fA, there is a l ine, C, of t ransit ions direct ly
from the disordered to the hexagonal phase. As the
external field increases st i l l fur ther , the t r iple point
recedes to larger values of øN, leaving behind only the
l ine of direct t ransit ions between disordered and hex-
agonal phases. Note that , except for the locat ion of i ts
terminus at the t r iple point , this boundary is indepen-
dent of the appl ied field as i t cont r ibutes to the free
energy of both of these phases equal ly. The dielect r ic
constants used to generate this figure are the same as
those used in previous figures.

For completeness, we have also examined the case in
which the dielect r ic constants of the minor i ty and
major i ty components are interchanged as compared
with Figure 3. Namely, the major i ty component with fA
) 0.71 has the larger dielect r ic constant of � A ) 6.0 and
the minor i ty the smaller value of � B ) 2.5. We find that
the R3hm phase is now somewhat more stable with
respect to the hexagonal phase, so that the value of the
external electr ic field needed to br ing about a transit ion
from the former to the lat ter phase is increased. We note
that this interchange increases the average value of the
dielect r ic constant , so that al l phases have a lower free
energy due to the factor of - � 0Eö0

2/2 which it contains.
However , i t is not a pr ior i obvious that the R3hm phase
would have its free energy lowered by more than that
of the hexagonal phase by this interchange. In addit ion,
we have determined that the spheres of minor i ty
component and lower dielect r ic constant distor t in the
[111] direct ion just as in the case when the minor i ty
component has the larger dielectr ic constant . The above
effects are not captured by the per turbat ion result of
eq 29 which is invar iant under the interchange of � A
and � B.

I V. Conclud i ng Remar k s

In sum, we have calculated the phase diagram of a
block copolymer system in an external elect r ic field
which couples to the diblocks through the difference in
their dielectr ic constants. We have employed a fully self-
consistent-field approach in which the relevant Maxwell
equat ion is t reated on an equal foot ing with the other
self-consistent equat ions. We have determined that the
body-centered-cubic phase will preferent ially align along
the [111] direct ion, causing its symmetry to be reduced
to R3hm. The elect r ic field can induce phase transit ions
between this phase and either the disordered or the
hexagonal phase. The st rength of the field needed to
induce such t ransit ions is a sensit ive funct ion of the
parameters of the system, such as its temperature and
its chain architecture, which in the case of l inear
diblocks is quant i fied simply by the mole fract ion, fA.

For parameters that fi t the exper imental PMMA- PS
diblock copolymer system invest igated recent ly,9 fA )
0.1, vp ) 239.7 nm3, and T ) 430 K, we find that an
elect r ic field of at least 70- 80 V/í m would be needed
to observe a t ransit ion to the hexagonal phase. This
cont rasts with the repor ted existence of such a phase
transit ion under an applied field of only 40 V/í m. There
are several possible explanat ions of the difference
between the exper imental results and the theoret ical
ones presented here.

Our model employs a l inear const i tut ive relat ion
between dielect r ic constant and volume fract ions and
character izes the PMMA- PS system by a few general
parameters, the PMMA mole fract ion fA and the inter -

Fi gu r e 5. Calculated phase diagram for a diblock copolymer
as a funct ion of dimensionless external field and the A mole
fract ion parameter , fA. Other parameters are øN ) 13.3, � A )
6.0, and � B ) 2.5. The tr iple point occurs at Eö0,t r iple ) 0.58 and
fA,t r iple ) 0.32.

Fi gur e 6. Calculated phase diagram at constant electr ic field,
Eö0. The outer two sol id l ines are the E0 ) 0 disorder-to-bcc
and bcc-to-hexagonal phase boundar ies. Between them we
show three other t ransit ion l ines for Eö0 ) 0.2. They are the
R3hm-to-hexagonal (A), R3hm-to-disorder (B), and disorder-to-
hexagonal t ransit ion (C). These three l ines meet at tr , the
t r iple point : fA,t r iple ) 0.390 and øN t r iple ) 11.43.
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act ion parameter øN. I t fur ther assumes equal volumes
for both monomers and equal Kuhn lengths for them.
One knows that deviat ions from the last assumpt ion
cer tainly shift the locat ions of the phase boundar ies.17

I t is plausible that at rather asymmetr ic volume frac-
t ions of fA ) 0.1 the model provides only semiquant i ta-
t ive agreement with the experimental PMMA- PS phase
diagram. Any difference in the theoret ical and exper i-
mental phase diagrams at zero elect r ic field wil l , in the
presence of a nonzero one, manifest i tself in a difference
in relat ive stabi l i ty of the var ious phases. Given the
sensit ive dependence on the phase boundar ies of the
minimum external field needed to br ing about a phase
transit ion, differences between the general theory and
the exper imental result are to be expected. At present ,
the phase diagram of the PMMA- PS system of ref 9 is
not yet known. When addit ional exper imental informa-
t ion becomes avai lable, one wil l also need to determine
the relat ionship between the temperature and the øN
interact ion parameter in order to conver t the phase
diagram calculated here to pract ical units so that i t can
be compared direct ly to the exper imental one.

Last , we have employed a simple coupl ing between
the system and the external field via the difference in
dielect r ic constants of the copolymer blocks. Other
coupl ings are possible.18,19 Just such an addit ional
coupl ing, to mobile ions, has been suggested by Tsor i
et al .10 and is discussed also in ref 9. A minute fract ion
of mobile ions embedded in the minor ity PMMA fract ion
and not in the major i ty PS can lead to an enhanced
response of the PMMA- PS system to external elect r ic
fields with moderate magnitude. I t could also change
the phase diagram quant i tat ively, result ing in a sub-
stant ial lower ing of the t r iple-point value of the elect r ic
field. Addit ional exper iments, par t icular ly on copoly-
mers with the same PMMA- PS blocks, but at different
temperatures or values of the architectural parameter
fA, would be most useful to shed addit ional l ight on the
compar ison of theory and exper iment . In par t icular , a
compar ison of the two PMMA- PS systems of refs 4 and
9 would be enl ightening because, as Figures 3 and 4
show, they are predicted here to exhibit significant ly
different phase behavior in an external elect r ic field.
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