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Levi-Civita symbol

From Wikipedia, the free encyclopedia

The Levi-Civita symbol, also called the permutation symbol or antisymmetric symbol, is a mathematical
symbol used in particular in tensor calculus. It is named after the Italian mathematician and physicist Tullio

Levi-Civita.
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Definition

In three dimensions, the Levi-Civita symbol is
defined as follows:

Visualization of a Levi-Civita symbol.

|]' lf {2‘31;"‘) iS{]._,?,:}):(E]S:]_) or (311!2)1
i = 4 —1 if (4,5, k) is (3,2,1),(1,3,2) or (2,1,3),

0 otherwise: i =jor j =k or k=1,

i.e.itis 1if (i, j, k) is an even permutation of (1,2,3), —1 if it is an odd permutation, and O if any index is
repeated.

For example, in linear algebra, the determinant of a 3x3 matrix A can be written
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3
det A = Z Eijk Q1o A3)
i4,k=1

(and similarly for a square matrix of general size, see below)

and the cross product of two vectors can be written as a determinant:

ep €es e3 3
ax = a1 o da| = E Eijkeiﬂjbk
by by by ij k=1

or more simply:
3
axb=c, ¢ = E Eijkiby.
Jh=1

According to the Einstein notation, the summation symbol may be omitted.

The tensor whose components are given by the Levi-Civita symbol (a tensor of covariant rank n) is sometimes
called the permutation tensor. It is actually a pseudotensor because under an orthogonal transformation of
jacobian determinant —1 (i.e., a rotation composed with a reflection), it gets a -1. Because the Levi-Civita
symbol is a pseudotensor, the result of taking a cross product is a pseudovector, not a vector.

Relation to Kronecker delta

The Levi-Civita symbol is related to the Kronecker delta. In three dimensions, the relationship is given by the
following equations:

i Oim  Oin
Eijklmin = deb (051 Osm  Ojn
Okt Okm  Okn

= 0i1 (8jmOrn — Ojnlrm ) — im (0510kn — Ojnbit) + Oin (0510km — OjmOrt)

3
Zfijkfimn = 63-,“6;;” — éjnékm ("contracted epsilon identity")
i=1

3
> ki = 20k
ij=1

Generalization to n dimensions

The Levi-Civita symbol can be generalized to higher dimensions:

+1 if (4,7, k,4,...) is an even permutation of (1,2,3,4,...)
gijke... = § —1 if (4,5, k,¢,...) is an odd permutation of (1,2,3,4,...)
0 it any two labels are the same
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Thus, it is the sign of the permutation in the case of a permutation, and zero otherwise.

Furthermore, it can be shown that

T

Z Eijk. Eijk.. = n!

igk, . =1

is always fulfilled in n dimensions. In index-free tensor notation, the Levi-Civita symbol is replaced by the

concept of the Hodge dual.

In general n dimensions one can write the product of two Levi-Civita symbols as:

€ijk.. Emnt. = det

5im
o
6.‘;??3

6in
0;

6.‘;:‘1

5i|!
(Sj,{

5.!;!

Now we can contract m indexes, this will add a m! factor to the determinant and we need to omit the relevant

Kronecker delta.

Properties

(superscripts should be considered equivalent with subscripts)

1. When n = 2, we have for all i,j,m,n in {1,2},

. mn _ Emoen L)
gije =0, 0; —0; 05, (1)

g6 =07, (2)

g7 =2.03)

2. When n = 3, we have for all ij,k,m,n in {1,2,3},

imn ey
E“.i-mt-nE = Zfi'v” “4)

gijhe " = 6.(5)

Proofs

For equation 1, both sides are antisymmetric with respect of ij and mn. We therefore only need to consider the
case i 3& j and 1. % n. By substitution, we see that the equation holds for £12 512, ie,fori=m=1andj=n

= 2. (Both sides are then one). Since the equation is antisymmetric in ij and mn, any set of values for these can
be reduced to the above case (which holds). The equation thus holds for all values of ij and mn. Using equation

1, we have for equation 2 £; q e = fﬁ ffl: - fﬁf 53-

=207 — 0}

=07
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Here we used the Einstein summation convention with i going from 1 to 2. Equation 3 follows similarly from
equation 2. To establish equation 4, let us first observe that both sides vanish when 3& 7. Indeed, if ¢ 3& 1,

then one can not choose m and n such that both permutation symbols on the left are nonzero. Then, with i =
fixed, there are only two ways to choose m and n from the remaining two indices. For any such indices, we have
gimn _ (¢*”“”) — 1 (no summation), and the result follows. The last property follows since 3! = 6
ik

¢Jmn¢

and for any distinct indices i,k in {1,2,3}, we have g; ijkE gk — = ] (no summation). []

Examples
1. The determinant of an 73 % 73 matrix A = (aij) can be written as

dﬂt A = E"El"‘fu a'lxl e a‘ﬂ'f.u 1

where each il should be summed over 1, ..., 1.

Equivalently, it may be written as

det A = ;En----x,.ﬁﬁ---;,. L PR £

where now each i ; and each jl should be summed over 1,

2.1fA = (Al,Az,A3) and B = (Bl,Bz,B3) are vectors in R (represented in some right hand oriented orthonormal
basis), then the ith component of their cross product equals

(A x B)' = 7% A7 B*,

For instance, the first component of 4 » [3is A%B? — A3B%. From the above expression for the cross product,

itisclearthat 4 w 3 = — 3 x A. Further, if C = (Cl,Cz,C3) is a vector like A and B, then the triple scalar
product equals

A-(Bx(C)=c"ABIC"

From this expression, it can be seen that the triple scalar product is antisymmetric when exchanging any
adjacent arguments. For example, A- (B ¥ T) = (z’l * (T)

3. Suppose F = (F 1,F2 ya 3) is a vector field defined on some open set of R with Cartesian coordinates x =

(xl,xz,xS). Then the ith component of the curl of F equals

(V x F)(z) = s*»*”*‘,ip*gm.

il
Notation

A shorthand notation for anti-symmetrization is denoted by a pair of square brackets. For example, for an n x n
matrix, M,
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1 1
a.'-l'lff;”‘;- — E_Eruler"r J.:I'lff,rir_- - r_ (a.nffﬂb - arlfffxl)

2 2
and for a rank 3 tensor T,

1
ij,-r.-'_ = S_F(Iiﬂjr: - .:r:;r:b | .:rbr:u - .:ra’mr: | Tr.-m; - .:rr:a'm)
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