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I[I. Motivation

Recent years — great interest in QCD at nonzero density, in particular idea of
color-superconductivity (CSC) where (qq) # 0.

CSC analysis — based on QCD inspired models with weak coupling — Need a
non perturbative analysis but,

Standard Monte Carlo simulations within lattice QCD fail at 1 # 0 due to the sign

problem:
Pr~e ¥ ey et D(A) ¢ R for p 0.

What can strong coupling lattice QCD tell us about finite density?

We use Hamiltonian lattice QCD at g > 1, far from a — O:

e Treat it as an effective Hamiltonian for QCD at large distances.

o U(Ny) x U(Ny) symmetry, confinement, and the ordinary SSB of chiral
symmetry — a model for QCD at large distances.

e Fermions are naive (nearest-neighbor) 4 next-nearest-neighbor — doubling in
weak-coupling, but we work at strong coupling, where we don't have femrion
excitations.



I11. Hamiltonian QCD at strong coupling | H = Hg + Hr + Hy
n-site, 4 = x,y, 2

Hg = Z ngu

HF = — Z lpIICl{MDl (H Un—l—kﬂ,u) ¢n+lu + h.c.
n,
[>0

= —1 Z ¢T04p, {D1 n u¢n+u + DyUn uUnﬂb u¢n+2u} + h.c.

Hy = QZTI‘ [1—Upl.

UT creates quarks Un; creates flux E? measures flux

At strong coupling g > 1:

e H ~ Hg. Since E}, measures flux on link n:

e unperturbed ground state: 0) = [, |E7, = 0) ® [¢), is very degenerate.
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Degenerate perturbation theory in Hg:

1 — P
Her = PoHp=———HpPy + O(HE) = HE +O(H})
Pictorially (I = 1):
Py DI Unptbns 1_DP0 ¢nU§M¢l+M Py

L L) — SN ) — o L

So the fermion number on a site does not change, and the color singlet effective
Hamiltonian is

2 a.,/a b b 2
Héff) ™~ (wlnwﬁﬂ) <¢i+u,5¢n+u,7), {He(ﬁ“)v \:Dj’-l\pl’l:| — Oa

and changes Dirac and flavor indices without changing fermion number,
which means:

Héé) describes physics with fixed baryon background.




Hé?—the Heisenberg Anti-Ferromagnet

HY =S 0 ()™ Quor,
nu

1=1,2

e J; 2 depends on the fermion kernel (D; 2) and obey 0 < Jy < J;.
e (0", are fermion bilinears:

N, 4Ny N
n __ Taa g M __¢ n
Q=3 3 W e
a=1 a,f=1

e The set M"7=T" ® )\ are the generators of U(4N;), acting on Dirac-flavor
indices:

The “spin” operators Q7 generate a U(4N) algebra.




. : _ (2) ,u [+1 n
° siis asign factor: H.yy = Z Jl s Q. Qn+lux

l12

[ =1 (NN):

Hyn ~ Z Q”Qn_w QnQnﬂL o He(?f) — U(4Ny) NN Heisenberg AFM.

zzz(NNNy

Hyny ~ Q Qn—|—2x Q Qn—|—2y + ... — Breaks U(4Nf) to U(Nf)LXU(Nf)R.

Same as in underlying Hamiltonian:

“Spin-diagonalize” the 4N ;—component spinor | ¥, = Ty, Xy | to eliminate «,
from NN

w;;oz,uwn—hu — LT @uTn+an+u X XT 1. Xn+p — NN is U<4Nf> symmetric.

Spin-diagonalization does not remove ¢, from NNN terms, so only by
including these you really have U(Ny)r x U(Ny)g.



V. What about density?

Gauss’ law — all sites must be color singlets so the number of fermions per site must
be a multiple of N, in particular a quantum state on a site with n = m - N,
fermions must have

Color indices Dirac-flavor indices

< M —»

————— NC—>

Y

So the fermionic occupancy on a site determines the U(4Ny) representation of Q"
on that site.

[Representation distribution] = [B distribution], with

Bn:mn—sz

Since [Hegr, Bn] = 0 Hilbert space factors according to By; solve Heg in each factor.



V. A pause — analogy to the Heisenberg AFM

Hé? Heisenberg AFM
The problem

Q" generate U(4Ny) with n € [1, (4N;)?] | S* generate SU(2) with i = z,y, 2

T

m

i e - -

H ~ anu Zn QI?ZQZ—I—M H ~ ZHM Sn ) SII+M

NNN break U(4Ny) to U(Ny) x U(Ny) e.g. NNN = SESE. 5, breaks

SU(2) to U(1)

Generalized “spin” Spin coherent state: Write Z
coherent states as a path integral for NLSM
ce ! o€ SU(2)/U(1) ~ 52
large N, large S’ limit




VI. Spin coherent states (o model) representation

On site n, with baryon number B,, = m — 2Ny, define “spin” coherent states

AN

y=exp [ Y D (g, — q§TTg,) | (0).
a=1 p=m-+1
t
|0) — highest weight state in T
e N

Write a path integral for the partition function — NLSM:

e o fields are 4N; x 4Ny matrices that are both unitary and hermitian:

— — 1m
0 = UnAUS o (q|Gu-M|g) with U, € U(4Ny), and A = 0
0 _14Nf—m

e This means that o, € U(4Ny¢)/[U(my,) X U(4N¢ — my)], depends on B,,.
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The action is
N
/ dr Tr (Z —AUI0.U, +H<2>>.

First term is a Berry phase (it is imaginary), comes from the overlap

(q(T)|q(T + €)), and is the usual ~ i70;® that gives S from H.

The second term is the quantum = Ne H(ﬂ_) with the operators Q M replaced by o.

For NN+NNN interactions you get

2 Nc
Héﬂ:) — I Z Jl [Un0n+ﬂ] + J2 [Unauan—i—Qﬂau] ~ 0(1/(92NC))

n,p
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VIl. Large N. and classical vacuum

Restrict to uniform density B, = B > 0,

Restrict to J; = 0, so symmetry is the too large U (4Ny).

At large N. Minimize action:

e 0. — 0.
e Minimize Hé?f) — minimize the one link problem:

Eiink = JiTro109 > —J1 - 4Ny (becauseo; - 09 € U(4Ny))
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B = 0, a warm up

. . . 1 0
e m = 2Ny, so the o fields are unitary rotations of A= 2Ny :
O _12Nf

e without loss of generality, take o1 = A.

e Choose o5 as a rotation that switches the blocks of A: —12Nf — —|—12Nf.

lon 0 —1on 0
J1T f f = —J; -4N+.
Lt ( 0 —lay ) ( 0 +lan, ) L=

e g.s. of linkis 09 = —07, /

01 even

T odd AN AFM.

e g.s. of lattice is o, = {

e SSB is
U(4Ny) — U(2Ng) X U(2Ny).
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So what happens for B > 0

e m > 2Ny, and m > 4N, — m, so the o fields are unitary rotations of

1 0
A= m .
( 0 _14Nf—m >

e again, without loss of generality, take o1 = A.
® 05 as a rotation that switches lower block —14Nf_m with any part of
upper block — accidental degeneracy:

_ (om| O
27 U0 [ Tavm )

| Y
U (2N 0 ul U, € U(m).
O _14Nf—m

. . . U m
e g.s. of link is: 02 € (U(zm—4Nf)(><()J(4Nf—m)>01
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o Take all oeven = 01, €ach o,4q4 1s free to move in a submanifold relative to oy.

Classical g.s. of the B #£ 0 lattice is locally degenerate.

e Local degeneracy — have fields (“zero modes” ) that change the classical g.s. but
have ¢ = 0, Vk.

e Similar to “order from disorder” in condensed matter.
Example — Double exchange model:

— Classically, between two adjacent spins — angle 0, e.g. 8 = 90°:

b

— Also have zero modes.

— Why “order from disorder” ? — fluctuations choose g.s. — remove degeneracy,

and pick canted state: T @ T — zero modes get energy.
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[IX. Quantum fluctuations remove local degeneracy

Why do the even sites want to align ?

Aligned: / / Not aligned: / f

What about odd sites? — also aligned, same reasoning.

System prefers FM alighment of NNIN, have “canted” g.s.

Lom—an, 0 0
On = { A even / Can take o9 = 0 0

e ann
oy odd \\ 0 4](\)[f 14Nf—m

These vevs lead to U(4Ny) — U(2m — 4Nf) X U(ANy — m) X U(4Ny — m)

*A = diag (1m, _14Nf—m) = diag (12m—4Nf, 14Nf—m, _14Nf—m)
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I X. Stability of ground state - how fluctuations remove “zero modes”

Write o, function of manifold coordinates 7, and .

e 1, — fluctuations outside of degenerate submanifold.
e Y, — fluctuations within degenerate submanifold.

Expand the action around “canted” g.s., in momentum space, after rescaling fields by

1/

S — Sglassical —|—7TTG;17T 4+ XTG;1X + O(

v Ne

Bare propagators:

J
G " +c<1]12|k|2’ k| < 1; — ordinary GBs/AFM spin waves.
1
Gy ~ —, Vk; — “Zero modes”.
iw
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Self-energy — to O(1/N,)

Vertices of S: \/i\f_c y A T

K: —2Jd N%Npﬂ(saﬁéjfégi [5A05Be600 - (e A O)] 7}

1 ) TA c A
Xia X5r T Tfg Xi Tey

\\\\ A \\\\ q k’
N/ NS ) 7

1 b X T4 b T4 B 7p “—T x5+ xP T N o 4.
—|_ N ,/”lk' l\\\ ,/”lk l\\\ k q<\\
C

0 B D ic A
Xj% Xig XZﬂ Xsh T Xayj

= —2Jdx550i70j902005Vp-q + 2J A5 x504i0je0550nf [ae0cedBoOD0 + (€ < 0)] Yp—gq — Jd 5350050 k0105 [Jac0Bedcodpe + (€ = 0)] 1p + .. ..

Replace G;l = G;}Dare — X, and get Schwinger-Dyson equation for >:

1\\
Q
- p— —_——— =\l e - —|— ————le - —|— —_——E=-==bkL -

17



Schwinger-Dyson Eq leads to 2 coupled non-linear integral equations for 3 (w, k).

dq d
CB/ (—) I>(q, k) sinh 6,
Bz \ 47
dq

To O(1/N.) equations become: tanh 6, = d :
[ (29 oy o
Bz \ 47

J
Solution: Get (kK1) ~ ﬁ1k2’ — Quadratic dispersion for x, typical to FM.

C

To conclude NN results

o 7 fields: Type | GBs/AFM spin waves: ¢ ~ Ji|k|, ny = 2(4Ny — m)>.

o Y fields: Type Il GBs/FM magnons: €' ~ ]{[1|k|2, nyr = 2(4Ny — m)(2m — 4Ny).

C

e Nielsen-Chadha counting rule is obeyed: n; 4+ 2n;; = ng, with

U(4Ny)
U(2m—4Nf) X U(4Nf—m) X U(4Nf—m)

ng — dim
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X. What about the NNN interactions

Taking J> > 0 is important since it explicitly breaks U(4Ny) — U(Ng) X U(Ny).
We take J, < J; — Perturb NN vacuum with NNN.

Vacuum alignment: Minimization of NNN interactions removes some of the global
degeneracy of the g.s.

For example B = O:

1 0
o NN: Oeven:_aodd:U< 2Nf )UT, UEU(4NJC)

0 _]-QNf
e NNN: fix U to minimize NNN interaction Eynny = ng Z Tr [oq0040,]
Hoa=04q
1 1 0 —lan L
_ 1 _ /
U= 7 ( 11 ) and Oeven,odd = = ( _12Nf 0 ) minimizes EnNN.

This spontaneously breaks (basis = ~5 diagonal)
U(Ny) x U(Ny) — U(Ny)v.
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N; |B| Unbroken symmetry Broken charges
0 — 1
1 1 — 1
2 U(1)a 0
0 SU(2)v 4
1 U(1)r, 6
2 2 SU(2)y 4
3 U1)rg, 6
4 SUQR2)LxSUR2)rxU(1)a 0
0 SU(3)v 9
1 U(l)y x SU(2)y 13
2 U(l)y 16
3 3 SU(3)v 9
4 U(l)Ig X U(l)y 15
5 U(l)]:,) X U(l)y X U(l)A/ 14
6 SU(S)LXSU(3)RXU(1)A 0

- Some type Il get a mass M ~ Js.

- Some type Il become type |, with ey ~ \/JoJ1/Ner/c2k2 + 2 k2.
- Some remain type Il, but with e ~ J1/N.(c2kZ + % k7).

- The rest do not change.
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XI. What next ?

Go to higher orders of effective Hamiltonian:

e At N. = 3, the 3rd order in perturbation theory moves three quarks from site to
site.
e This makes the baryons dynamic,

HO ~ 3" Kombf b+ hees b = e 405 (07,07} £ 61

n,m

e And the Hamiltonian similar to the t—J model of condensed matter,

Ht_J = —1 Z CZ-LSCjS + JZ <§z . gj — n7,4nj>

(ig) (i)
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Fix 1 instead of B,, and calculate in the NLom. Now have two fields:
B, € [—QNf,QNf] and o, € ./\/ln<Bn> C U(4Nf)

ch(,u) = Z eﬁ’uNC 2.n Ban(Bn) X / do, = )\n/ dU
{Bn} n U(4Nf)
Zac = Y / DU [ [ (B
(5 JU@Ny) ,

< exp d e ﬁd Tr (Y AU (9r — p) Un + HE
p 2 T LI Il( T ) —|_H
O n

Again because of Siinetic € Im, so either take N. — oo or 3 — 0 to get rid of 0., so
at 1" — oo:

ZGC — chassmal — E /

N,
[)\n(Bn)eNC“B“} X exp {ﬁ—T H(2)}
5 (4Nf) 2
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Which gives (for the classical model)

Ty

T>X<

order from disorder

order from disorder

S

=

Be=—Bo=0,...,.2Nf
Symm. break. H: Symm. intact
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Be=Bo=2NTf (saturation)



XII. Summary

. g>1— Héfzf) - Physics of fixed Bj,.

1. Hé? is AFM — write a NLSM and solve at large V..
Ill. Classical g.s. of the B > 0 case is very degenerate, have zero modes.

IV. Quantum fluctuations remove degeneracy and pick FM alignment of NNN —
“order from disorder” .

V. Quantum fluctuations give zero modes ¢, ~ |k|?.

VI.  NNN interactions perturb NN g.s. and found a variety of SSB, including
breakdown of lattice rotations.

VIL. As a result some of the GBs get anisotropic dispersion relations.
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