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Why weak coupling?

¥ Prepare for nonperturbative study of large!N QCD + Wilson adjoints on small volumes.
#together with S. Sharpe, see SteveÕs talk$

¥ Some confusions in the literature.
#later on in my talk$

¥ Can potentially save computational resources of solving large!N.
The Eguchi!Kawai equivalence

Why is large-N volume independence?

Why adjoint fermions?

¥ Provides a workable Eguchi!Kawai equivalence? 

¥ Equivalent to ÒorientifoldÓ large!N QCD.

¥ depending on Nf and quark mass, becomes interesting and physically relevant theories.

Corrigan!Ramond,
Armoni!Shifman!Veneziano,

Sannino et al.

Kovtun!Unsal!Ya"e



I.       What is the Eguchi-Kawai equivalence.

Then if:

¥ Translation symmetry is intact.

¥ ZN center symmetry is intact.

¥ large!N factorization holds.

Wilson loops, Hadron spectra, 
condensates, etc.

are independent of L0,1,2,3.

at N=oo

Given SU#N$ gauge theory on an L0xL1xL2xL3 lattice, deÞned  by g2N, am, aµ, . . .

This talk: fate of ZN. At weak coupling, for non-perturbative see Talk by 
Steve Sharpe
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breakdown of EK equivalence by
formation of a baryon crystal

BB, PRD,0811.4141, 0901.4035

QEK model
BB+Sharpe 2008

Not ÒacademicÓ
requirements: 

Talk by 
Steve SharpeThis talk: fate of ZN. At weak coupling, for non-perturbative see



II.       Weak coupling analysis: L1,2,3 = oo, L0=1.

Fields:

kappa=1/8 : chiral quarks
kappa=0 : infinitely massive quarks

Action:

Gauge: Wilson, 

Fermions: Wilson, ! =
1

8 + 2am0

Weak coupling expansion:

g2N ! 0 :
U!x,µ = 1 + iA µ (!x) + . . .

! ("x, x0 = 1) ≡ ! !x

Uµ=1 ,2,3(!x, x 0 = 1) ≡ Uµ=1 ,2,3(!x)

Uµ=0 (!x, x 0 = 1) ! ! !x

g2N

! ab
!x = ! ab ei" a

(1 + i" a(#x) + . . . )

periodic boundary 
conditions in Ò0Ó direction

+



Get familiar form

öp2 = 4
3∑

i=1

sin2 pi/ 2 a→0−→ !p2 ööp2 =
3!

i=1

sin2 pi
a! 0−→ !p2

Calculate             potential for di"erent       corresponding to        ,                    ,                     .        ZN ZN → Ø ZN ! Z2

V(! ) =
!

a!=b

" #
dp
2"

$ 3 %
log

&
öp2 + 4 sin2

#
! a ! ! b

2

$'
! 2Nf log

(
ööp2 + sin 2

)
! a ! ! b*

+ m2
W (! , p)

+,

mW = am0 + 2
!
sin2(p/2) + sin2((θa − θb)/2)

"

V (θ) ! a

InÞnite mass
YM model

#original EK$

! = 0

Chiral 
quarks
κ = 1/ 8

These are 
good news:

Reduction 
works !

kappa = 1/(8+2am0)

II.       Weak coupling analysis: L1,2,3 = oo, L0=1.



Kovtun et al. Ô07 Lattice calculation Bedaque et al. Ô08

4D YM + 
massless adjoints + 

continuum

4D YM +
Wilson adjoints 
at kappa=1/8 +

and L0=1

Think about L0=1 as 
3D theory deÞned  

on spatial continuum
 

 
ZN ZN ZN ! Z2

Useful to understand the reason for the di"erence

III.        Comparison to other weak-coupling calculations 



Bedaque et al. (focus on gauge dynamics first)

Sgauge =
2N
!

Re
∑

x
i<j

Tr
(

Ux,i Ux + i,j U 
x + j,i U 

x,j

)

+
2N

!
Re

!

x
i

Tr
"
Ux,i ! x+i U

†
x,i ! †

x

#

Sone−site =
∫

d3x



 1
g2 Tr

∑

i<j ∈[1,3]

F 2
ij + f2 Tr

∑

i

|Di ! |2





D i! (x) = ! i! (x) + i [Ai, ! ]

! ! SU(N )

Òas ! 0Ó

is non!renormalizable ...
need counter!terms...Sone! site

Bernard&Appelquist `80, Longhitano `80, 
Banks&Ukawa `84, Gasser!Leutwyler Ô84,

Arkani!Hamed!Cohen!Georgi `01, Pisarski `06, 

= ! 3 + !
∑

a!= b

sin2
(

! a ! ! b

2

)
+ . . .

= ! 3 + ! |tr " classical |
2 + . . . , " ab

classical = ei θa

IV.       Comparison to other weak-coupling calculations 
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!
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" #
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$ 3

log
%
1 +

4
a2

t p2
sin2

#
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¥ Continuum limit in space with L0=1 #or for any D > 2L0                         $.

¥ need counter!terms                       new L ow Energy Constants #LEC $.  

¥ means treating theory as an E"ective F ield T heory #EFT $, and at one!loop:

What does this teach us?

V(! ) !" V (! ) + b1 |tr ! classical |2 + b2
∣∣tr ! 2

classical

∣∣2

Dim!reg hides this and implicitly  sets b1=b2=0       b1,2 > 0 fixes ZN        Z2 breaking.

IV.       Comparison to other weak-coupling calculations 

Amusing: these are 
#Unsal and Ya"e$Õs

Neuberger, 
unpublished Ô01



In any case,

¥ EFT point of view not necessary :

              Large-N reduction defined at fix lattice cutoff

But,

¥ ZN-realization may depend on lattice action ...

¥ Results I got cannot be anticipated in advance (from Kovtun et al.)

IV.       Comparison to other weak-coupling calculations 



¥ Large!N volume reduction works for YM+Wilson adjoints fermions.

Even for very heavy quarks which is YM #for                $.

¥ Perturbation theory on small (L0 =1) leads to a UV!sensitive free energy.

Do weak!coupling before MC with a di"erent type of fermion !

Weak coupling with L1,2,3=oo, L0=1

! >
! 0.04

This is exciting : 
Eguchi!Kawai Þnally works at weak coupling

start extracting physics of QCD"Adj#  ?

pretty cool...

V.       Conclusions and future prospects



II.       Weak coupling analysis: L2,3,4 = oo.

Begin with unreduced system: L1=oo.

SF = ø! DW !

x2,3,4

x1

+
2N

!
Re

∑

x
i

Tr
(
Ux,i Ux + i, 0U

 
x +0 ,i U

 
x, 0

)

Sgauge =
2N
!

Re
∑

x
i<j

Tr
(

Ux,i Ux + i,j U 
x + j,i U 

x,j

)

(DW )xy = δxy ! κ
∑

i

[
(1 + γi) UG

x,iδx,y−î + (1 ! γi) UG†
x,i δx,y+î

]

−κ
!
(1 + γ0) UG

x, 0δx,y −ö0 + (1 − γ0) UG 
x, 0δx,y + ö0

"

Recall kappa = 1/(8+2am0) so kappa=1/8 is chiral point, kappa=0 is infinite mass



II.       Weak coupling analysis: L2,3,4 = oo.

Begin with unreduced system: L1=1.

Sgauge =
2N
!

Re
∑

x
i<j

Tr
(

Ux,i Ux + i,j U 
x + j,i U 

x,j

)

SF = ø! DW !

(DW )xy = δxy ! κ
∑

i

[
(1 + γi) UG
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These are good news:

Reduction works for in the  
generous neighborhood of 

chiral point.
(at weak coupling ...)

Recall:

kappa = 1/(8+2am0)

kappa = 1/8  is chiral point
kappa = 0     is infinite quark mass

Results for anisotropic lattices

Recall:

kappa = 1/(8+2a*m)

kappa = 1/8  is chiral point
kappa = 0     is infinite quark mass

II.       Weak coupling analysis: L2,3,4 = oo, L1=1.



What is the value of the one!loop potential at the ZN invariant g.s. ?

#for simplicity focus
 on gluon contribution$ ! a :

Exactly the result of the L1=oo system!

This Òembedding of space!time in color spaceÓ underlies volume!reduction. 

perturbation theory:                   Bhanot!Heller!Neuberger, Gross!Kitazawa, Parisi!Zhang `82.
beyond perturbation theory?     e.g. the soluble 1+1 case: Schon!Thies `01, BB `08.

V (! ) =
!
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dp
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log
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III.        How reduction works



Bedaque et al. (focus on gauge dynamics first)
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is non!renormalizable ...
need counter!terms...SL t −sites

¥ D=3, Lt =oo  #Kovtun et al.$ no problem.

¥ D=4, Lt >3 #Arkani!Hamed et al.$ no problem.

¥ D=3, Lt =1 #current case$ UV sensitivities.

IV.       Comparison to other weak-coupling calculations 


